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Bosonic two-mode squeezed states are paradigmatic entangled Gaussian states that have wide utility in
quantum information and metrology. Here, we show that the basic structure of these states can be
generalized to arbitrary bipartite quantum systems in a manner that allows simultaneous, Heisenberg-limited
estimation of two independent parameters for finite-dimensional systems. Further, we show that these
general states can always be stabilized by a relatively simple Markovian dissipative process. In the specific
case where the two subsystems are ensembles of two-level atoms or spins, our generalized states define a
notion of two-mode spin squeezing that is valid beyond the Gaussian limit and that enables true
multiparameter estimation. We discuss how generalized Ramsey measurements allow one to reach the
two-parameter quantum Cramér-Rao bound, and how the dissipative preparation scheme is compatible with

current experiments.

DOI: 10.1103/PhysRevLett.134.073603

Introduction—The central goal of quantum metrology is
to harness many-body entanglement to improve the pre-
cision of a sensor beyond the bound set by the projection
noise of nonentangled particles [1-4]. Spin-squeezed
states [5] are particularly attractive given their relative
robustness, e.g., to undesired dissipation like dephasing.
Given the experimental success in producing such states
[6-19], interest has naturally turned to entangling two
distinct ensembles. Can this be done in a way that enables
quantum-enhanced multiparameter estimation [20-26]? In
the simpler case of harmonic oscillators, it is easy to
generalize squeezing to two modes via a Gaussian two-
mode squeezed state (TMSS), which enables simultaneous
entanglement-enhanced estimation of two orthogonal
parameters (see, e.g., [27]). A fundamental question is
how to generalize this structure to more arbitrary sub-
systems, e.g., two spin ensembles for which only non-
Gaussian states allow one to reach the ultimate sensitivity
limits given the finite-dimensional Hilbert space. Further,
what are the fundamental sensitivity limits of these
generalized states? Is there a way to produce and utilize
them using existing experimental resources?

In this work, we provide an answer to all of the
above questions. We introduce a generalization of a
bosonic TMSS that can be defined for any (possibly
finite-dimensional) bipartite system. We show that these
states generically enable simultaneous estimation of two
independent parameters €, €, with Heisenberg-limited
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scaling in finite-dimensional systems; for the application
of two ensembles of N/2 two-level atoms each, we find a
sensitivity of A , ~ V3 /N, which can be attained for both
parameters simultaneously with a Ramsey-style measure-
ment. Crucially, this sensitivity persists even in the presence
of correlated noise sources such as common-mode noise,
which would be impossible if measuring the two compo-
nents of a bipartite system independently. Further, there is a
generic Markovian dissipative evolution that can be used to
prepare and stabilize these states (an evolution that closely
mimics a two-mode squeezing photonic environment), and
our dissipative scheme is a natural generalization of dis-
sipative single-ensemble spin squeezing [28-30]. We dis-
cuss experimental implementation in cavity QED setups,
and also analyze the robustness against typical imperfec-
tions (finding an advantageous scaling with the collective
cooperativity C that characterizes the setup). In contrast
to prior work [25,31,32], here we explore the beyond-
Gaussian limit of multimode squeezed metrology, including
encoding the signals via noncommuting, nonlocal gener-
ators and the prospect of simultaneous noncommuting
measurements. An advantage of such a nonlocal encoding
is the ability to convert noncommuting observables of one
subensemble (e.g., X, and ¥,) into nonlocal observables X "
and ¥_ that allow one to reach the quantum Cramér-Rao
bound (QCRB).

Multimode squeezed state—We consider a bipartite
system composed of two identical, independent sub-
systems (labeled i € {1,2}). Each subsystem has a local
Hilbert space with basis states |m);, me {0, 1, ..., My, }

© 2025 American Physical Society
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FIG. 1. (a) Schematic of a generic bipartite system, with each

subsystem i € {1, 2} having basis states |m); (m € {0, ..., mpay }),
and a lowering operator with matrix elements o(m). We introduce
an entangled state that generalizes bosonic two-mode squeezing
and enables simultaneous estimation of two independent param-
eters 0 , with Heisenberg-limited sensitivity. (b) Time evolution
of the variance for squeezed and antisqueezed operators (X2 ) =
(¥2) and (X2) = (¥2), respectively, under dissipative dynamics
that stabilizes our generalized TMSS. The subsystems here are
large spins each of size S = 9/2 (hence m,, = 25 = 9), and the
squeezing parameter is set to r = 0.75.

[see Fig. 1(a)]. We introduce a one-parameter family of
entangled states of this system that directly mimics the
construction of a bosonic TMSS:

Mmax

wa(r) =NZ [ tanh(r)]"[m); & |m)y, (1)

where N = (cosh?(r)[1 — tanh®"=*2(r)])~1/2 and r is a
generalized squeezing strength. We refer to this state as a
generalized two-mode squeezed state (GTMSS). It reduces
to a conventional TMSS in the case where each subsystem
is a bosonic mode, |m); is a Fock state, and m,, = 0.
Much in the way a bosonic TMSS can be generated by
driving two modes with squeezed light, we show below that
our GTMSS can be prepared using a relatively simple form
of engineered dissipation.

To harness our state for metrology, we will also mirror
the bosonic construction, and will introduce generalized
Hermitian “quadrature” operators that will be used both to
encode parameter dependence, and also for readout. The
first step is to chose a generalized lowering operator 0 ; for
each subsystem:

Oilm); = o(m)|m —1);. 2)

These lowering operators must annihilate the vacuum state
|m = 0);, hence we require 0(0) = 0. We also assume
without loss of generality o(m)€R. As concrete exam-
ples, if the subsystems are bosonic modes and Oi are
standard annihilation operators, then o(m) = +/m and
Mpax = o0. If the subsystems are spins of size S, |m);
can be chosen as states of fixed angular momentum
projection along the quantization axis, and O,- as standard

collective spin lowering operators, with o(m) =
VSIS +1)—(m=S)(m—S—1) and my,, = 2S.

We introduce local generalized quadratures via
X, = (0] +0)/2, ¥:=-i(0] - 0,)/2.
joint quadrature operators are then defined as

Generalized

Xi :5\(1 :‘:Xz,

For bosonic modes, these are conventional two-mode
collective quadratures whereas, for spins, they correspond
to sums and differences of the x and y collective spin
projection. Note that in our general case (and in stark
contrast to bosons), we cannot find pairs of these operators
that commute with one another. However, we will in
general be able to find pairs for which the action of
commutator vanishes when applied to our GTMSS. This
will be crucial in enabling optimal sensing properties.
Quantum Fisher information—Consider the multipara-
meter estimation problem where we apply the unitary

U =exp(—if- W) to our state, with W={X . X_.¥,.¥_},
where 0 = (O ,0x_,0y,,0y_) are the infinitesimal param-
eters of interest. As our state is pure, the quantum Fisher
information matrix (QFIM) Q is proportional to the
covariance matrix: Q;; = 4((W,W;) — (W;)(W)). Recall
that if we only care about a single parameter 6;, the QCRB
tells us that, asymptotically, the minimal achievable esti-
mation error is Af; = 1/,/MQ;;, where M is the number
of repetitions of the experiment.
For the state |y (7)), we find simply

e 0 0 0
0 ¢ 0 0
0 0 ¢ 0 |
0 0 0 e
B 2> mma tanh®™ (r)0* (m)
€ ™ cosh?(r)sinh?(r)[1 — tanh2mm*2(r)]”

(4)

Remarkably, the covariance matrix directly mirrors a
bosonic TMSS: the generalized quadratures X, ¥_ have
reduced fluctuations (i.e., they are “squeezed”), whereas
5(_,1@ are “antisqueezed.” We plot the corresponding
variances in Fig. 1(b). Note that all system-specific details
enter only through the overall prefactor A/ o- Further, from
the QCRB, the optimal sensitivity for the parameters
Ox_, 0y, is always e* better than that of 0y ,0y_.

Our state also enables one to simultaneously achieve the
QCRB on both 8y_, 68y, through a simple pair of mea-
surements. We establish this by computing the symmetric
logarithmic derivative (SLD) operators, which provide a
means to find an optimal measurement scheme [33-35].
The SLD operators for our state are (see [36])
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ﬁgi = 2e:F2r?i’ ﬁyi = _Ze:ter(:t' (5)
These SLDs are simply proportional to our generalized
quadrature operators. One finds that the commutator of
the two sensitive operators is [X_, V. ] = i(Z, — Z,) with
Z; = (010; — 0,0])/2. While the commutator is nonzero,
it vanishes when applied to the state |y (r)) due to its
symmetric “paired” form. A general result then implies that
it is possible to simultaneously achieve the QCRB for both
0x_, 0y, by finding new SLDs that commute, and meas-
uring these operators [33,37-39]. We provide a simple
example for very small spin ensembles in [36]. In general,
however, the new SLDs correspond to complicated high-
weight operators that can be challenging to measure. In our
case, as the commutator vanishes when acting on |wg(r))
(and not just in expectation), we have a stronger result
that allows us to pursue a different strategy: As shown
in [36], simple sequential measurements of X L and v_ (i.e.,
generalized Ramsey measurements corresponding to the
original SLDs) allow one to simultaneously extract
the two parameters fy_ and 6y, with an estimation error
that exhibits Heisenberg limited 1/N scaling (with a
prefactor that is only a factor of ~3 larger than the
QCRB bound derived below).

We now finally ask about the ultimate sensitivity
that our state allows for the estimation of the two
parameters fy_, 0y . To do this, we consider the large
elements of the QFIM in the infinite squeezing limit,
Opax = lim,_ N pe?" [44]. We find

Q Mimax 5 8||O||2
P E—— pu— 7’ 6
S m;o (m) =1 — ©

where ||O||$ is the lowering operator for either of the
ensembles ||O;||for I = 1 or 2 and the norm here is the
Frobenius norm. We thus have a very general kind of
Heisenberg limit on the maximal QFI (which not surpris-
ingly depends on the overall scale of our generalized
lowering operator, which we have not fixed). In the
concrete case where each subsystem corresponds to the
collective manifold of N/2 two-level atoms, one finds

2
Qe = 3 s + ) % (7)
The QFI for both optimal parameters yields a Heisenberg-
limit-like scaling (x N?), with a corresponding estimation
error scaling like v/3/N. Even in more general settings, we
can argue this scaling is generic, as long as one normalizes
the operator O so that it also grows with system size
the same way as a collective spin lowering operator,
ie., [|O]* ~ N3

Metrological utility for spin ensembles—We now
consider the relevant case where each subsystem is a
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FIG. 2. (a) Wineland squeezing parameter of the squeezed
operator X, for the steady-state |y (r)) from Eq. (8), assuming
both ensembles are spins of size S = N /4. (b) Coefficients a,, of
the symmetric state Y ™% a,,|m, m) with fixed m,, = 30 for the
state [y (7)) with r — oo, a squeezed state |woypa ) generated via
a unitary two-mode two-axis twisting Hamiltonian (see [36]), and
an optimal state |y,,) found by maximizing the QFI over all
possible a,, (see [36]). The latter state coefficients exactly match
binomial coefficients a,, = (=1)"mya !/ [m!(Mpax — m)!].

collective spin of size S = N/4, and O is a collec-
tive angular momentum lowering operator. Our general
SLD calculation tells us that, e.g., to optimally estimate
0y, we should measure the squeezed variable X, which
is just the sum of the x collective spin components of
each ensemble. The estimation error for such a measure-
ment reduces to a signal-to-noise ratio, which can be
expressed in terms of a generalized version of the
Wineland squeezing parameter. We have (Afy,)> =
&/N, with & = N(X3)/[(Z) + (Z,)*. Defining f =
tanh**2(r) £ 1, we find

e ¥SF[(28 + 1)f, + cosh(2r)f ]
2{[cosh?(r) + S]f, —cosh(2r)}* °

&= (8)

One obtains an analogous result for the estimation of
Ox_ (which involves measuring ¥_).

The Wineland parameter is plotted in Fig. 2(a). For
infinite spin size S — co, we have & = e™2" + O(1/S),
which matches the conventional bosonic result (as expected

based on a linearized Holstein-Primakoff transformation).
The opposite limit of infinite squeezing r — oo yields

3 34+165+168>
(S+1) 20(S + 1)

£=y +O(e®). ()

If we take only the zeroth-order term, we again find
a Heisenberg-scaling & ~3/N. The absolute variance
of measurements with a Ramsey-style experiment is
&2 /N, which exactly coincides with the QFI, &/N =
1/(N e?) for any N (not just asymptotically). Hence a
generalized version of Ramsey-style metrology is an
optimal measurement scheme to saturate the quantum
Cramér-Rao bound for the entangled state (1).

Optimal paired states—Before discussing how to prepare
our GTMSS, we ask whether there exist paired states of the
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form _,, a,,|m, m) that (for the specific case of two spin
ensembles) could be even more metrologically useful. One
candidate state of this form is produced by unitary evolution
of a polarized product state under a two-mode generaliza-
tion of the two-axis twisting Hamiltonian. The Hamiltonian
here is Hyy,, = XX, — Y1, [45]. At an optimal evolution
time, this dynamics generates squeezing of two collective
spin variables that exhibit Heisenberg scaling, but with a
slightly worse prefactor than our GTMSS: one finds a
Wineland parameter &2 ~5.1/N (see [36]). Figure 2(b)
compares the coefficients a,, of the maximally squeezed
state generated by this Hamiltonian to our steady state. One
can also employ a more conventional one-axis twisting
Hamiltonian ~X,X, in the two-mode context, which also
yields a state equally sensitive to two quadratures with a
worse scaling ~1/N?/3 (see [36]).

For a fixed m,,,, we can also optimize the coefficients a,,
to find the maximal QFI for two equally sensitive operators
(see [36]). For spin-S ensembles, the resulting optimal QFI
is N[(N/2) + 1] ~ N?/2, which also happens to be the
optimal bound for two-mode measurements of the two spin
ensembles (see [36]). The optimal coefficients are also
plotted in Fig. 2(b). These coefficients are staggered
binomials a,, = (—1)"(2S)!/[m!(2S —m)!]. However,
the optimal measurement protocol to saturate the QCRB
for such a state is less clear. Alternatively one may consider
two-component superpositions such as Greenberger-Horne-
Zeilinger (GHZ) states, which also lead to a two-component
simultaneous QFI scaling ~N?/2 but are rather difficult to
generate (see [36]).

We stress that the TMSS in Eq. (1) provides a significant
advantage for simultaneous two-parameter estimation over
entangled states prepared in each subsystem independently.
Suppose one seeks to measure two correlated parameters
coupling to X_ and I?+. There can be common-mode noise
such as a random magnetic field ~X . affecting both
ensembles equally during phase accumulation. If one makes
independent measurements of each subensemble without
entangling the two, one would have to take a differential
signal to suppress this noise, which inhibits measurement of
the second sum parameter ¥ . In contrast, our scheme still
allows Heisenberg scaling for both parameters; we can
simply choose the noisy quadrature to be antisqueezed.
This approach also works for sensing two differential fields
X_ and Y_, as the choice of which two quadratures are
squeezed is freely tuned via local rotations. In that case,
our state is robust even in the presence of common-mode
noise in both X, and ¥,. Even in the special case of
noise that affects both correlated and single-ensemble
measurements equally, our scheme still offers an improve-
ment over independent subensembles (see [36]).

Dissipative stabilization—We now discuss how to pre-
pare and stabilize our GTMSS |y ;(r)) in Eq. (1) in the

most general case of two arbitrary subsystems and an
arbitrary generalized lowering operator. This can be
achieved by coupling the two subsystems to a common
engineered dissipative reservoir, such that the resulting
dynamics is described by the quantum master equation:

d o
= yzzzD[cosh(r)Oj + sinh(r)O]p.  (10)
=1

Here, D[O]p = 0pO" =1 0"0p —1p070, y is the dissi-
pation rate, and (1,2) = (2, 1). Remarkably, the pure state
lwe(r)) is always the unique steady state of this master
equation, independent of additional details (i.e., the specific
choice of m,,, and the coefficients o(m) that define the
generalized lowering operator); see [36]. This follows from
a special symmetry of the jump operators in this master
equation under modular conjugation by the square root of
the reduced steady-state density matrix of each subsystem
(see [36]) [40].

Turning to the specific case where each subsystem is a
spin ensemble, the above quantum master equation general-
izes the dissipative preparation of single-ensemble spin-
squeezed states to the two-ensemble case [28-30]. Despite
this superficial similarity, there are crucial differences. The
pure steady state in the single-ensemble case has in general
no simple relation to a single-mode bosonic squeezed state,
whereas in the two-ensemble case, our steady state in
Eq. (1) has a form that directly mirrors a bosonic TMSS for
arbitrary squeezing strength r. Note that Eq. (10) for two
spin ensembles was also explored in Ref. [46] in the context
of entanglement generalization. Unlike our work, this
previous work did not go beyond the weak squeezing,
Gaussian limit, nor did it study quantum metrology proper-
ties. Reference [47] also studied an alternate dissipative
approach for squeezing two ensembles, finding a Wineland
parameter scaling of ~N~1/4,

One way to engineer Eq. (10) for a single ensemble is to
use atoms with two spin states |1), || ) and two electronic
states |g), |e) inside a lossy cavity, driven by a pair of light
fields, as discussed in Ref. [29]. The laser driving and
cavity decay induce two indistinguishable effective spin-
raising and lowering processes, leading to Lindblad-style
dissipators of the form D[cosh(r)O + sinh(r)O']. This
idea can be extended to a two-mode scheme by considering
two spatially separated ensembles with four effective
raising and lowering processes [46,48,49]. A field gradient
can generate a differential energy shift, that allows one to
resolve the raising and lowering processes that contribute to
the two dissipators in Eq. (10). A sample level scheme is
discussed in [36]. One can also employ atoms with a larger
internal structure, where different ensembles are encoded
by different subsets of atomic levels [47,50]. There are also
studies of ensembles of larger-spin particles, such as spin-1
nematic condensates [51-53] which enable quantum-
enhanced multiparameter encodings. Unlike these systems,
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FIG. 3. Impact of local dissipation competing with the collec-

tive decay in Eq. (10). (a) Steady-state Wineland parameter
lim,_ ., £ in the presence of single-spin relaxation at a rate y_,
optimized over the squeezing parameter r. (b) Minimum Wine-
land parameter min, £ in the presence of single-spin dephasing at
arate y,, optimized over the squeezing parameter . In both cases,
spin squeezing is observed if the collective cooperativities
Crep = Ny/y_ . exceed unity. Above this threshold, the Wine-
land parameter decreases Cr‘e?‘g (dash-dotted and dashed black
curves). The optimal Wineland parameter £ o 1/(N + 4) in the
limit of infinite cooperativity is indicated by the dotted lines.

where the two modes are encoded in two internal modes of
the same spin ensemble, our dissipative approach can also
generate two-mode squeezed states between spatially
separated subensembles. Note that the timescale for dis-
sipative stabilization is favorable, and remains almost
independent of system size for a suitable choice of
parameters (see [36] for details). Also note that, while
the steady-state solution of Eq. (1) assumes identical
ensembles, properties such as squeezing persist for small
deviations such as different atom numbers between the two
ensembles; a numerical benchmark is provided in [36].
Robustness against local dissipation—The engi-
neered dissipators in Eq. (10) typically compete with
additional undesired dissipative processes. We there-
fore analyze the robustness of the two-mode squeezing
against their most prototypical forms—single-spin relax-
ation at a rate y_ and single-spin dephasing at a rate y,,
modeled by adding dissipators y_ 32, S>¥F D57 ]p
and y,> 2, ZyﬁD[&f’j]p to Eq. (10). Here, the index
i (j) denotes the two ensembles (different spins within an
ensemble). To study large numbers of spins, we use a
second-order mean-field-theory approach [30,54,55],
where the full quantum dynamics is approximated by a
set of coupled differential equations (see [36]). We
compared the mean-field-theory solutions with the ana-
lytical results derived above and found excellent agree-
ment. As shown in Fig. 3, dissipative two-mode spin
squeezing is present if the collective cooperativities

Crep = Ny/y_ . exceed unity, and the Wineland param-
eter decreases « 1/ C?i (ﬁ close to that threshold. Notably,

this is a better scaling than what has been found for single-
mode dissipative squeezing [30] and unitary single-mode
spin-squeezing protocols [56,57].

Conclusions and outlook—We have introduced a surpris-
ingly simple and direct generalization of bosonic two-mode
squeezed states to a general bipartite system, demonstrating
that this state allows simultaneous Heisenberg-limited esti-
mation of two independent parameters. Further, we outlined
a general dissipative dynamics that stabilizes such states.
For the specific case of two spin ensembles, our approach
generalizes single-mode spin squeezing, and is compatible
with several current experimental platforms. Our structure is
also applicable beyond spin ensembles; see [36] for a
discussion of examples such as non-Gaussian two-photon
two-mode squeezed states in bosonic systems [41,42]. Our
work opens up several new directions for research: one could
generalize the combination of entanglement with the dynam-
ics of quantum-mechanics free subsystems [58-61] for
enhanced sensing, as has been discussed for bosonic systems
[62]. It would also be interesting to study whether our ideas
could be usefully extended to the case for more than two
ensembles. Finally, Heisenberg-limited spin-squeezing pro-
tocols require single-atom resolution to leverage their fully
enhanced sensitivity. For single-mode squeezing, amplifi-
cation protocols have been proposed to overcome this
limitation [63—65] and it would be interesting to generalize
these concepts to multimode squeezing.
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I. CALCULATION OF THE SYMMETRIC LOGARITHMIC DERIVATIVES

In this section, we derive the explicit form of the symmetric logarithmic derivative (SLD) operators stated
in Eq. (5) of the main text. The QFIM may alternatively be written as

Qij = %tf [PG (iwiiwj + fivvjﬁvvi)} ; (S1)

where pg = |Ya(r)) (Ya(r)|, and f/W are the SLD operators for W € {X,, X_,Y,,Y_}. The SLD operators
satisfy

. - Opy
Ly pyyr + pyir Ly = 2873/, (52)



2

where pyi, = |ty5,) (1y5,] is the general squeezed state subject to a unitary rotation [i;,) = exp(—iW) g (r))
in the limit @ — 0. In this limit, the density matrix is unperturbed, py;, = pg, but has a non-zero derivative

LT a + i,oGw. ‘We must thus solve the equation,
90 P

Ewpc + pr’W =2 (—inG + ipgw> . (S3)

While the SLD operators are not unique, we show that one simple parametrization is given by the quadratures
themselves up to constant prefactors,

lA/Xi = 26:':27'}7:‘:, i’f’i = —2ei2rXi. (S4)

As an example, for Ly = 2e~2"Y,, the first term on the left hand side of Eq. (S3) is,

Ly pa=2¢"""Yipg
= —ge %" (OAlr — Ol + O; — 02) PG

= iNZe (OI —0s— Oy + O;) 3 [ tanh(r)]™ ™ iy m) (m!,m'|

m,m’=0

= —iNZe %" Z [— tanh(r)]m“”, {o(m +1)m+1,m) —o(m)|m,m—1)

—o(m)|m—1,m)+o(m+1)|m,m+1) | (m',m/| (S5)
= —iNZe %" Z [— tanh(r)] ™™ _olm) o(m)|(|m,m—1) +|m—1,m)) (m',m’|
—, — tanh(r) ’ ’ ’
_ L, —2r
= —iN? n;/[— tanh(r)]™ "™ [tar?h(r) - e_w] o(m)(|m,m —1) + |m —1,m)) (m’,m/|
, -1
= —iN? ;ﬂ/[— tanh(r))™ ™ [tanh(r) + 1} o(m)(|m,m —1) + |m —1,m)) (m’,m/|.
We compare this to the first term on the right hand side of Eq. ,
o (At A AL A
21X pg = —1 (01 + O1 + 02 + 02) PG
= —iN? (0" + 05+ 01+ 0}) S [~ tauh()] ™ fim, m) 'm0
= —iN? — tanh(r)]" 1 1 -1
N ,,;1,[ tanh(r)] {o(m +1)|m+1,m) + o(m) |m,m — 1) (S6)
+o(m) [m —1,m) + o(m + 1) [m,m + 1) | (m/,n’|
, -1
= —iN? mzm/[— tanh(r)]™ ™ [tanh(r) + 1} o(m)(Jm,m —1) + |m — 1,m)) (m’,m’|,
which matches the previous result, showing that L X, PG = —2iX +pa- An analogous calculation shows that

the second terms on the left- and right- hand sides of Eq. also match. This procedure can be repeated
for all four SLDs in the same way.



II. SAMPLE COMMUTING SLD OPERATORS

The previous section showed that the SLD operators are equivalent to the quadratures themselves up
to constant prefactors. These SLD operators do not commute in general, therefore, it is not possible to
measure the corresponding observables simultaneously. However, in principle one can construct more complex
operators that do commute and are therefore simultaneously measurable, since the commutator of the SLDs
vanishes on average [IH4]. Here we give a simple demonstrative example of such a construction.

Consider each subsystem to be a single spin-1/2 (S = 1/2). The full system Hilbert space can be written
as {0, I 45 14, 1), 4,4} The quadrature operators (proportional to the SLD’s) expressed in this basis
read,

0110 0 i —i 0

) . 11001 . 1 =0 0 —i

Ly, ~Xe=511001 ] x~Y-=351 i 00 i (57)
0110 0 i —i 0

While these do not commute, we note that the two-mode squeezed state here takes the form of | (r)) =

(—tanh(r),0,0,1) /4/1 + tanh?(r) (with weight only on the symmetric components |1, %), ||, ])). Hence any
additional matrix elements acting only on the subspace |1,]), |}, 1) can be added to make new SLD’s:

0 1 1 0 0O ¢+ — O

~v 1 1 ai;p ai2 1 - 1 —1 bll b12 —1

Lf’+ ol 1 ag ag 1| Lg ~ 2 i b baa i | (58)
0 1 1 0 0 ¢+ — O

where the coefficients a;;, b;; are arbitrary (aside from the operators needing to remain Hermitian).
For this small-dimensional system, it is straightforward to find a set of coefficients ap1 = Qg2 = b11 = bay =
0, a12 = ag1 = \f bis = —bey = +/2i for which the new SLD operators commute, [L 7LX ] =0, and can
v, _

thus be measured independently without disturbing each other. These new operators correspond to,

at

Ly+ NX++

t At ~ 7 At A
\f(o 0 +hc.), L)ALNY_—i—ﬁ(OlOg—h.c.). (89)
However, these new SLDs are now non-local. Extending to larger-sized spins or more arbitrary system
structures can lead to SLDs that are challenging to even construct, let alone measure. We discuss an
alternate approach using the original SLDs proportional to the quadratures in the next section.



III. SIMULTANEOUS TWO-PARAMETER ESTIMATION SATURATING QCRB

As mentioned in the main text, the simplest case enabling simultaneous estimation of two parameters with
an error saturating the QCRB is when the corresponding SLDs commute. In this case, the joint estimation
just involves simultaneous measurement of the two SLDs. Joint estimation of both parameters at the QCRB
is also possible when a weaker condition is met: the corresponding SLDs can fail to commute, but the
expectation value of the commutator should vanish in the sensing state [1H4]. In this case however, the
optimal measurements are less straightforward. One needs to find two new, equivalent SLDs that commute
with one another, and then measure these operators. While in principle this is always possible, in practice
the new commuting SLD operators may correspond to operators that are far more complex than the original
SLDs, and hence correspond to measurements that are difficult to implement (e.g., while the original SLD
operators are sums of single-spin operators, the new SLDs could involve high-weight operators).

Here, we show that for our generalized TMSS (realized using two spin ensembles), one can do extremely
well by simply measuring the original SLD operators (which here are simple collective spin variables). One
can simultaneously extract the two parameters encoded in X + and Y_ with an estimation error that exhibits
Heisenberg scaling, and which misses the fundamental QCRB bound by just a prefactor of the order of
unity. The origin of this remarkable result is that, in our case, the commutator of the SLDs is a non-zero
operator, but the sensing state is in its null space. This implies that all powers of the commutator have zero
expectation value in the sensing state. Hence, while there is non-zero measurement backaction, its impact is
minimal.

We consider an initial state of our two spin ensembles (with N spins total) to be a generalized two-mode
squeezed state (GTMSS) which has been imprinted by the two infinitesimal parameters 64,605 of interest:

[Yspins(0)) = e~ OaT++05X) 1y (1)) (S10)

We imagine first making a variable strength measurement of X to extract the parameter 4. The goal is
to have this measurement be strong enough to still have Heisenberg scaling of the estimation error, without
being so strong that the measurement backaction degrades a subsequent measurement of Y_. To model the
finite-strength measurement of X +, we consider a simple model of an ideal detector: an infinitely-heavy free
test mass with position (momentum) operator ¢ (p), which is coupled to the spin ensembles via

Hine = —2X4 4. (S11)

We imagine that the detector mass starts in a state described by a Gaussian wavefunction ¢(q) with zero
mean position and momentum, and with position variance o4, ¢(q) = (270,)"/*exp (—¢*/40,). The
corresponding momentum variance is then (setting A = 1) o, = 1/(204). There is no initial entanglement
between the detector mass and the spins.

The basic idea of the measurement is that the momentum of the detector will be displaced by an amount
proportional to the collective spin variables of interest, i.e.

d .
—p=AX,. S12
i + (S12)
A final measurement of p then allows one to infer the value of X+. Assuming an evolution time 7', and

letting ((A2)) denote the variance of A, the signal-to-noise ratio associated with our measurement is

oy (ATE0) ((%4(0))

SNR = = - = — - . S13
) op + (AT ((X2(0))) (X D)imp + ((X3(0))) o
Here, we have defined the added noise of the measurement (the imprecision noise) to be:
2\,  _ 9% _ 1 _ 1
(X Dhme = o = 33775, = 287 (514)

where we introduce the parameter A to denote the effective measurement strength. A strong measurement is
one where the measurement strength A > 1/((X?%)), implying that the estimation error will be only limited
by the intrinsic fluctuations in the state |¢g(r)).



We next characterize how this measurement of X degrades the information on g encoded in Y_. The
relevant quantity here is the signal to noise ratio associated with Y_ (which is simply proportional to the
inverse of the Wineland parameter £2):

(SNR) (t)w (S15)
YT ey

We would like to see how this SNR is reduced at time T' (after the first measurement of X ) compared to
its initial value at time t = 0. Note that as we are interested in infinitesimal (local) parameter sensing, we
only need this quantity to order #2, and the numerator is already necessarily 62.

To that end, note that, at the end of the measurement, the total state of the detector plus spin ensemble
can be written simply as:

™) = [ dao(@la) @ exp (M T) i) (516)

— 00

The backation of the measurement on the spins is thus easy to describe: both spin ensembles experience a
random rotation about the X axis by an angle A\¢T', where ¢ is a zero mean Gaussian random variable with
variance o,. We are interested in how this random rotation impacts Y_. This rotation simply rotates Y_ in

the Y_-Z_ plane, i.e.:
exp (—i9X+> Y_ exp (i@f(+) = cosOY_ +sinbZ_. (S17)
Using this and the fact that <Z_> vanishes to order 84,05 in the state |1spins(0)), we find that to order 6p:

(Y_(T)) = (Y_(0)) /dq|¢>(q)|2008(/\qT) = (Y_(0))e /2, (S18)

where A is the previously introduced measurement strength. We can calculate the variance of Y_ in a similar
manner; we only require this to zeroth order in 84, 605.

(Y_(T)%) = (Y%(0)) /dq|<;5(q)|2 cos?(AgT) = (Y2(0)) cosh Ae ™. (S19)

Combining these results, we have:

(SNR), (T) = (SNR)y. (0)—

. 2
- cosh A (520)

Hence, there is indeed a backaction effect: as we increase the strength A of the first X, measurement, the
SNR associated with a subsequent measurement of Y_ is exponentially suppressed.

Despite this exponential suppression, the backaction effect here is in fact mild enough to allow estimation
of both 64 and A at the Heisenberg limit. To see this, we first constrain the measurement strength A to be a
constant Ag of the order of unity that is independent of the the number of spins N. It follows from Eq.
that the measurement is weak enough that the Wineland parameter associated with a Y_ measurement will
only be enhanced by an N-independent constant prefactor cosh Ag. With this choice, the backaction of our
X measurement is weak enough that the scaling of the Y_ Wineland parameter with N is not changed.

While a A = Ay measurement strength is sufficient to have a minimal backaction effect on our Y_ mea-
surement, the question remains whether it is too weak to enable a good estimation of X and hence 4.
Turning to Eq. , we find that the imprecision noise of the X measurement is a constant of the order of

unity, ((X2))imp = 1/2A¢. As such, from Eq. 1' there is a limit to how much squeezing we can usefully

employ: there is no point in squeezing X below <<X3_>) ~ 1/2A, i.e., the level of the imprecision noise.
For concreteness, consider a squeezing parameter r chosen to scale with IV as

exp(2r) = % (S21)



For large N, and using Eq. (4) of the main text, this yields a GTMSS state whose squeezed quadrature
variances are IN-independent constants:

- 1

(X2)) = (V2) = TR Co ~ 0.667. (S22)

For this choice of r, and for large N, the Wineland parameter [c.f. Eq. (8) of the main text] is found to be

C
&=6=+ (523)
where the constant C; ~ 5.33. Crucially, the value of r given in Eq. is enough to permit Heisenberg
scaling of the Wineland parameters.

We now also set the measurement strength so that the imprecision noise of the X, measurement is equal
to the value of the squeezed variances in Eq. , i.e., we take Ag = Cy ~ 0.667. We stress that this choice
of measurement strength is independent of N. With this choice of measurement strength, the scaling of
the estimation error (i.e., Wineland parameters) including the imprecision noise and backaction of the first
measurement are only modified by a prefactor. For the estimation of 4 via measurement of X, our choice
of a finite measurement strength Ay causes the measurement imprecision to double the effective variance of

X, and hence doubles the Wineland parameter:

2C
2 1
Ex, — N~ (S24)
Similarly, our choice of the measurement strength A has a backaction that degrades the SNR associated with
Y_ (c.f. Eq. (S15))), implying that the corresponding Wineland parameter is also enhanced by a constant:

(coshAg)C1  1.23CH

= - (S25)

&

We thus have our final result: by picking a finite strength first measurement of X and a finite squeezing

strength r, we can achieve Heisenberg-limited, 1/N scaling simultaneously for the estimation errors of the

parameters 64 and #p. There is a non-zero backaction effect due to the commutator of X, and Y_ being
non-zero, but in our system this is not strong enough to preclude Heisenberg limited scaling.



IV. COMPARISON TO UNITARY SPIN-SQUEEZING PROTOCOLS

Here, we consider two-mode spin-squeezed states generated by a typical unitary protocol using time-
evolution under an entangling Hamiltonian. The simplest candidate interaction for comparison is a two-mode
one-axis twisting Hamiltonian (2M1A),

Honiia = JX1 Xo. (526)

which can generate squeezing when applied to an initial state |¢)g) = |0,0). Evolving under Hovia generates
(equal) squeezing in two combinations of quadratures sin(6) X, + cos(0)Y,. and sin(0)X_ — cos(#)Y_, where
one must optimize over all 6 to find the lowest variance. This yields a (two-mode) squeezing parameter
2 ua = Nming([sin(0) X, + cos(0)Y,]2)/((Z1) + (Z5))%. Another candidate interaction is a two-mode
two-axis twisting Hamiltonian (2M2A),

Honion = J (X1X2 - Yﬂé) ; (S27)

which can also generate squeezing when applied to the initial state [1)); in this case the squeezed quadratures
are the combined operators (X1 + Y, )/v2 and (X_ — Y_)/+/2, while the squeezing parameter is 2,5, =

%((XJF + Y1) /((Z1) + (Z2))?. In Fig. a) we show a sample time-evolution profile of the squeezing for
this latter Hamiltonian.

(@5 \oa (D2 vi2alm, m)?
0.3¢
1.
0_2_. tJ
. e 0.08
tJ 0.112
0.5F \ 008 0.14 0.1l 00.14
uon:.oon... 0q,
0. | I I tJ 0. ooy .?:_’.- b m
0. 0.05 0.1 0.15 0 10 20 30
(O&
*
0.2 ® " , .
0.1_ ° 52 M2A (unltary)
0.05L ° §§1\HA (unitary)
— r=c0 (dissipative)
0.02+

20 50 100 200

Figure S1. (a) Time-evolution of squeezing generated by the unitary two-mode two-axis (2M2A) protocol in the
equally-squeezed operators (X+ + Y+)/\/§ and (XL - Y,)/\/i using spin operators with fixed size S = 15, hence
Mmax = 30. (b) Wavefunction coefficients of the pure state for times before, at, and after the optimal time topt at
which squeezing is highest. (¢) Comparison of optimal squeezing for the unitary protocol (dots) and general squeezed
state |1g(r)) for r — oo, realizeable via dissipative stabilization (solid line).

Any (pure) squeezed state |[on2a) = e~ #H2M2a |4)) generated by the 2M2A unitary protocol has non-
zero matrix elements only for wavefunction components of equal excitation number |m, m) by symmetry.
Figure b) shows these wavefunction components before, at, and after the optimal squeezing time. Main
text Fig.2(b) shows these coefficients at the optimal time.

In Fig. c) we compare the optimal squeezing generated by the unitary evolution under both 2M1A and
2M2A unitary protocols to that of the general squeezed state |1 (r)) obtainable via dissipative stabilization.
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The 2M1A scales as (£2yo4 )opt ~ 2.1/N?/3 analogous to the single-mode one-axis twisting result. The
2M2A scales as (E3yon Jopt ~ 5.1/N (numerically fitted). The dissipative protocol exhibits the analytically-
computed optimal scaling 2 ~ 3/N in the limit r — oo.



V. QUANTUM FISHER INFORMATION OPTIMIZATION FOR SYMMETRIC STATES

Here, we discuss the computation of the optimal QFT of states optimized for measurements of two equally-
sensitive operators. We consider pure states [¢), for which the diagonal QFI matrix elements are directly
proportional to the variance of the state:

Qii = 4 (V| W7 |v) — 4((| Wi [9))*. (S28)

We are interested in symmetric states of the form

Mmax

|¢> - Z am |m>m>’ (829)

m=0

with arbitrary normalized complex coefficients a,, for a fixed mmax. For such states, off-diagonal matrix
elements of the QFIM Q; ; for i # j are guaranteed to vanish due to the symmetry between the two ensembles.

We can evaluate the diagonal matrix elements explicitly. For example, for W; = X_ we have:

Q= Z ar am (m,m| (OI +0; — OAg — 02)2 |m/,m’)

m,m’

, (S30)
* AT A AT A 1 !
- Z ay Gy [(m,m| (Ol +0, -0, — Og) |m’, m >} .
The second line vanishes, while the first simplifies to,
Qi,i == Z a:‘nam/ <m,m| [OIOAl + OAloAlL + OA;OAQ + OAQOAE — 20102 — QOAIOA;} |m/,m'>
= 22 [|am|?0*(m) + |ami1|?0°(m + 1) — afami10°(m + 1) — af,ap—10°(m)] (S31)

= QZ |am — am_1]20*(m).
m

The other operators are computed analogously.

We can optimize the above expression over all possible a,,. For spin-S ensembles with mpy.x = 25 and
o(m) =+/S(S+1) — (m — S)(m — S — 1), the coefficients a,, of the state with maximal QFI exactly match
binomial coefficients with a staggered minus sign:

= (—1)™ ( 25) — (@S (s32)

m m!(2S —m)!"

The corresponding maximal QFI is exactly Q;; = N (& +1). Note to avoid confusion that the states here
are labeled m =0...2S.

To show the above is true, we show that the QFI is at a global optimum for these coefficients. We write
the QFI out explicitly for spin ensembles, including a normalization constant:

Y (am = am—)? [S(S+ 1) = (m = §)(m — S —1)]
St > (am)? '

Note that we have assumed the coefficients a,, to be real-valued. It is straightforward to see that this must
be true, as the magnitude of each contributing term in the sum is maximized for a,,, a,,—1 of opposite sign.
If we choose the first coefficient to be real without loss of generality, the remaining ones must be as well.

To maximize, we now take the partial derivative of the QFI with respect to an arbitrary coeflicient a,,
and set it to zero:

99ii _ o 4(ami1—an)[S(S+1) = (m = §)(m = S+ 1)] +4(am — am1)[S(S +1) — (m — 8)(m — 8§ —1)]

(S33)

dan, > (@) 2 (@ )?
2o (@ — @ —1)*[S(S +1) — (m/ = S)(m' — S — 1)]

—4da, .

(o (am)?)?

(S34)
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Simplifying, the requisite expression is:

U Y (@ = gy 1)?[S(S +1) = (m = S)(m' = § —1)]
= Y (e )? [(amﬂ )5+ 1) — (m— S)(m — S+ 1)] (35)
+ (am—1 —an)[S(S+1)—(m—=S)(m—5 — 1)]}

We insert the coefficients from Eq. (S32]) into the above expression, and employ the following helpful identities:

()= (8)
is: K?ﬁ)+<m2§1)}Q[S(SH)—(m—S)(m—S—l)]=2S(25+1)(;‘g)_

m=1

Using these the expression simplifies to:

(f)25(25+1): H(m2f1>+<?5ﬂ [S(S+1) = (m—S)(m— S +1)]
+[(m2fl>+<2nf>} [S(S+1)_(m_5)(m_5_1)]]

It is straightforward to verify that the above expression holds true for any integer or half-integer S, and any

m € {0,...25}. Hence Daai’i = 0 for all m, and the staggered binomial coefficients are the optimal state

coefficients for two-mode measurements with two equal spin ensembles. Note that, while this optimization
is performed over a single operator X_, the symmetry of the ansatz state and the operator under exchange

of the ensembles ensures that the complementary operator YJF has equal maximized QFI for the same state.

We note that the maximal QFI N (% +1) obtained by this optimization is the optimal bound for two-mode
measurements, even if we allow non-symmetric states Zm,m, @m,m’ |m, m'). This can be seen by observing
that the total angular momentum (Xﬂ (Y2 +(Z22) = T (& +1), where Zy = 21 + Z. If we assume
the x and y components are equally sensitive, and bound (Zi} > 0, we find that (Yf) > %( % +1). For
pure states the QFT is four times the variance, and is hence bounded by > N (% + 1), matching the QFI
obtained by optimization over the symmetric states. Note that while the sensitive quadratures used in that

optimization are Y} and X_, the sensitive quadratures can be changed via local rotations on one ensemble
only, which should not affect the QFI bound.

(S37)
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VI. COMPARISON TO GHZ STATES AND SINGLE-ENSEMBLE APPROACHES

Here we compute the QFI of a GHZ-style state for two spin-S ensembles. Before two-operator correlated
measurements, we consider a GHZ state sensitive to just one operator W; = X_, which can be written as,

(GHZ,) = %eﬂ%f“— (10,0} + [Mamase, M) - (S38)

This is a pure state, so we can again use the variance:
N . 2
Qi = 4(GHZy| £ |GHZy) — 4 ((GHZy| X |GHZ,))

2 ((0,0] + (Mumasxs Mimax]) €37 X2 5Y (10,0) + [Mmaxs Mimax))

= 2({0,0] + (Mmax, Mmax|) (21 + ZQ>2 (10,0) + |Mmax; Mmax)) (S39)
= 2.((0,0] + (Manaxs M) ([2 (= "22)1%10,0) + [2 (e~ 2] |mmax,mmax>)
= 4m?

max

Note that going from the second to the third line requires commutation relations which hold for spin operators
(not in general). Furthermore, going from the third to the fourth line we used the matrix elements

Zilm), = (m = S) m), = (m — Z5) jm), (540)

which are adjusted from the usual longitudinal spin projection operator since we count our states from m = 0
rather than m = —S. Since Mmmax = 25 and the total atom number is N = 45 we have,

Q;; = 165% = N2 (S41)

A similar calculation shows that the sensitivity of the other operators W; = {X+, Y+, f/_} for this state is
{0, N, N} respectively.

Next we consider a two-mode analogue, which is maximally sensitive to two correlated operators. Inspired
by the single-mode sensitive GHZ state, we write an analogous state with a different rotation,

pGHZ,Q = ‘GHZ2> <GHZ2| s

1 = (%, 47 S42
|GHZ,) = Ee gt (X4 +Y0) (10, 0) = [Mmas, Mmax)) - (542)

Much of the preceding calculation remains the same, except there are now two (equally) sensitive operators
W; = X_,Y,. The QFI for them reads,

Qi.i = 2((0,0] + (Munasx, Munax|)e V2 XY X2 737 Y (10,0) — [1mumas, Munax))
(S43)
= 2Mmax (2Mmax + 1) = w
Notably, this is almost the optimal scaling found in the prior section, albeit smaller by N/2 [the prior section
found N(N + 2)/2].

We note that the Heisenberg-limited scaling we find with our GTMSS |1 (r)) is much stronger than what
can be accomplished with independent entangled states prepared separately in each ensemble (such as a
pair of GHZ states |GHZ;) ® |[GHZ;)). As argued in the main text, if there is common-mode or differential
noise affecting both sub-ensembles, single-mode protocols will have no way of suppressing it if one seeks to
measure two correlated parameters simultaneously. Furthermore, even in the very special case of noise that
affects measurement outcomes for both sub-ensembles equally, the scaling we find is better than what can
be accomplished with single-mode approaches. The best single-mode strategy using single-mode GHZ states
would measure one parameter on each subensemble with a maximal QFI of (N/2)? = N2 /4, which is worse
than the GTMSS result ~ N?2/3. Instead considering independently squeezed states for each ensemble (for
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a more direct comparison, as GHZ states are more fragile) following Ref. [5], the optimal QFI for a single-
ensemble approach would instead scale as ~ N2 /8. Finally, if one seeks to measure specific 2D combinations
of fields that are not perfectly correlated across the ensembles a priori, one would need entangled states
along each direction for each ensemble, requiring one to further split each subensemble in half and yielding
a QFI scaling of ~ N2/16 for GHZ states and ~ N?/32 for squeezed states at best.
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VII. VERIFICATION OF THE STEADY-STATE SOLUTION

Here, we show that |1 (r)) is the unique dark state of the dissipation. The action of one of the dissipators

reads

(cosh(r)01 + sinh(r)OA;) v (r))

=N cosh(r) ix [~ tanh(r)]™ o(m) |m — 1, m)
+A sinh(r) mzxf [~ tanh(r)]"™ o(m + 1) |m,m + 1)

m=0

m=0 (S44)
+A sinh(r) (—tanh(r))" o(m + 1) jm,m + 1)

Mmax —

=N Z [—tanh(r))”"™ [ — cosh(r) tanh(r)o(m + 1)
m=0

+ sinh(r)o(m + 1)| |m,m + 1)
=0.

The other dissipator has exactly the same dark state structure, except exchanging m and m + 1 in the Dirac

ket.
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VIII. GENERAL STRUCTURE OF THE STEADY-STATE SOLUTION

We can understand the steady state solution |¢)g(r)) more generally by considering the construction
presented in Ref. [6]. There, it was observed that for any bipartite system with a jump operator of the form

Fr=0,9141® 0, (S45)
a pure steady state |1) must satisfy

O1 = —GROIR—191, (346)
where ¥ = /tra[¢)) (4| and K is complex conjugation in the Schmidt basis. Now, any state |¢) =

> m ¥m|m,m) is already diagonal in the Schmidt basis, and assuming all of the matrix elements are real, we
find that this implies:

A A wm

Un
Finally, observing that (O1)mn = 0(m)dpm nt1 and ¥, = tanh™(r), we see that this implies
01 = —tanh ™ (r)OJ, (S48)

which can be trivially satisfied by rescaling L = cosh(r)O; ® 1 +sinh(r)1 ® OI, and we can see that this will
always be a steady state.

This constructive example, though, now allows us to create even more complicated steady states. For
example, the ideal state for maximizing the QFI is given by a binomial distribution

NZ 25 b T)n'|m m). (S49)

A priori it is not obvious what jump operators would be able to stabilize such a state; however, using Eq. [S40]
we can directly calculate the matrlx coefficients that would be required. For example let’s assume that there
is a jump operator as in Eq and take Oy = 51_ is just a simple spin lowering operator. Then we can

use Eq. [S46] to find that O, must be a kind of generalized spin raising operator of the form

25—1
Oy =Y o(m)|m+ 1)(m|, (S50)
m=0
o) = —/SEF 1) = (m = 5)(m =5+ g Ei = ;’;,)('Z'+ 5
:\/S(S—l—l)—(m—S)(m—S—i—l)Q:;J_r?. (S51)

Using this special form, we can define a jump operator (and its partner under exchanging subsystems)

[,=5" ®1+1® 0y, (S52)
Iy=1808" +0,®1, (S53)

such that the quantum master equation d;p = D[[4]p + D[] uniquely stabilizes the ideal steady state |t)
given in Eq. 549
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IX. UNEQUAL ENSEMBLE SIZES

The GTMSS |¢¢(r)) is the steady-state of the engineered dissipation considered in the main text under
the assumption of identical ensembles. However, properties such as squeezing and relevant observable ex-
pectation values remain robust for slight discrepancies between the subsystems. Here we benchmark the
two-mode squeezing for spin ensembles with slightly different sizes. Fig. a) shows the steady-state two-
mode squeezing, found by computing the steady state numerically exactly, for subsystems consisting of spin
ensembles composed of unequal numbers of atoms N; and Ns. We observe that the squeezing remains ro-
bust provided the discrepancy is small. Fig. b) extends these calculations to larger system sizes with a
mean-field theory computation (see Section for details), finding analogous behavior.

(@) £ Exact (b) &2 Mean-field
[ )
. 0.3} 0.3
o ° ° N1 . N1
. 02f S °9 © . 02t R 29
S 19 1. 100
° °.Q1- R L4 e 29 . 0.1+ « 500
L L §N/N LS L SN/N
-0.1 0. 0.1 -0.05 0. 0.05

Figure S2. (a) Steady-state two-mode squeezing for spin ensembles with unequal atom numbers N1, N2 (hence
corresponding spin sizes S1 = N1/2, So = N2/2). We vary the difference in atom number § N = N2 — N; normalized
by the total atom number N = N; + Na. For N; = N2, we use the analytical result predicting maximum squeezing
at 7 — oo. For N; # N> the steady-state is computed via exact numerical time-evolution of the master equation;
in this case the squeezing is non-monotonic as a function of 7, and the plotted result is optimized over r (although
we do not find rapid variations with changing r). (b) Same steady-state two-mode squeezing for larger system sizes,
using a mean-field theory approach (see Section for details).
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X. EXPERIMENTAL IMPLEMENTATION OF THE ENGINEERED DISSIPATION

Here, we discuss a potential experimental implementation of the scheme in a cavity-QED architecture.
The master equation from the main text that we seek to realize contains two engineered dissipators, which
we denote I'y, T'p:

[, = cosh(r)O, + sinh(r)Ol,

X . ; (S54)

I'y = cosh(r)O2 + Sinh(r)OJ{.
We consider two spatially separated ensembles ¢ = 1,2 of trapped atoms inside a lossy cavity. The scheme
is depicted in Fig. Atoms in each ensemble have two ground states ||),, [1), (encoding the spin degree of
freedom), and two excited states |e}),, [er),. For the first ensemble, the |e;), and |e), states have an energy
splitting de. For the second manifold, the excited states |e|), and |e}), instead have a splitting —de (reversed
from the first ensemble). While this difference in energies could be realized with electromagnetic fields, it is
easier to just swap the labeling by taking the atomic states associated with |, 1 for ensemble 1 to be 1, | for
ensemble 2. In addition, the system is subject to a field gradient that introduces an additional energy shift
—0B/2, +0B/2 for |, 1 states of ensemble 2 relative to ensemble 1 respectively. The Hamiltonian for these
levels reads,

- 0B
Hy = we Z (|6¢>i <€.L|1' + ‘€T>i <6T|i)+56 (|6T>1 <6T|1 - |6¢>2 <6¢|2)+7 (|€T>2 <6T|2 - |6¢>2 <6.L|2 + |T>2 <T|2 - Hf>2 <¢|2) :
i=1,2
(S55)
Each engineered dissipator can_be realized with a pair of coherent laser fields driving the cavity. The
dissipator I', is shown in Fig. (a). One laser with frequency, Rabi frequency and detuning (w®, Q%, A%)
excites atoms from [1); to |e;),, while a second laser (w%, Q¢, A%) excites from ||), to |e),. The field
gradient and splitting of the excited states ensures that only these transitions are resonant. The cavity is
assumed to have a mode with frequency w, = w, that matches the energy difference from |e}), to ||); (equal
to the difference from |e4), to [1), by construction) up to the detunings A%.

Any atom excited by the laser drives will exchange its excitation into a cavity photon at a rate g set by
the spin-cavity coupling strength. This photon will then leak out at a rate k. Provided « is much larger than
the Rabi frequencies and g, the excited states can be adiabatically eliminated. Since one cannot distinguish
whether the photon was generated by the first laser (which would lead to an effective spin-lowering from [1),
to [1);) or the second laser (which would lead to an effective spin-raising from [|), to |1),), the net effect of

the loss manifests as correlated dissipation of the form I'y:

. 20)2 (OLIA Qs
P98 (1 *O;+1 +OQ),

ko \ QA QA% (856)
- (2~ ()
AL A%
The rate prefactor is v ~ g2§~22//<;. The squeezing parameter is set by cosh(r) = %% and sinh(r) = éi—%,
- +
which yields tanh(r) = SI i; . Strong squeezing is realized when the laser drives are almost equal in
- 24

strength; note however that we cannot bring them exactly equal, as the dissipative stabilization timescales
would become too long (see next Supplementary section for details).

The other dissipator is realized with the same level scheme, but a different pair of lasers (w?, Qb Ab)
and (wi, Qi, Aﬁ_) depicted in Fig. b). These again induce excitations that are resonant with a different

cavity mode of frequency wy, = w, + de (up to the detunings A% ), yielding .
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Figure S3. Schematic of cavity-QED implementation of the engineered dissipators (a) I, and (b) I'y



18
XI. DISSIPATIVE STABILIZATION TIMESCALE

Here, we discuss the timescale needed to generate the entangled steady-state for two spin-S ensembles.
Figure [S4{a) plots the time evolution of the infidelity ||p(t) — pg|| under the engineered dissipation, starting
from the initial state |1o) = |0,0). Aside from short-time transient dynamics, the infidelity scales exponen-
tially as ~ e~ *s2»! where the decay rate Agap 1S typically set by the Liouvillian dissipative gap. Formally,
this gap is obtained by writing the dissipators as a Liouvillian superoperator,

U DA 1. fmpn \*
L=7Y {FU®F§—2FZFU®1—21®<I‘ZFV>}, (S57)

v=a,b

where I', are the dissipators from Eq. (S54). We can diagonalize the Liouvillian and obtain the right
eigenvectors,

L|Ni) = Xi|Ai). (S58)

There is one (unique) steady-state with eigenvalue Ay = 0 corresponding to our solution |\g) = vec(|a(r)) (Ya(r)]),
where vec(p) indicates the vectorization (column-stacking) of a density matrix p.

Figure b) plots the next two smallest non-zero eigenvalues as a function of r; the corresponding decay
rates Agap from the previous panel are also shown as dots. Normally, the dissipative gap Agap is the smallest
eigenvalue; here this only holds true in the limit e” > S. Outside that limit, the rate is determined by
a higher eigenvalue of the Liouvillian (i.e. there is a specific relevant gap for our choice of initial state).
Regardless, in our regime of interest ¢” > S the relevant gap always scales as ~ e~ 2".

While this scaling is unfavorable with r, the gap increases for larger spin size S. Figure [S4(c) plots the
infidelity for fixed r and varying S, demonstrating an improvement in timescale for larger S. The decay rate
and smallest two Liouvillian eigenvalues are plotted in Figure d). We find a scaling of ~ S8 growing
with system size, which can help compensate for the slowdown caused by increasing r. The overall effective
dissipation rate is ~ vS'8e~2". Note, however, that our dissipators’ prefactors grow with » due to the
cosh(r), sinh(r) factors chosen for notational convenience. If we further adjust these dissipator prefactors to
remain approximately constant with r, which would be the case for e.g. fixed laser power in an experiment,
we must multiply the rate by another e™2" ~ S~ yielding a rate ~ 7.5%8e=2".

In general, we want to have an r sufficiently large to generate close-to-optimal squeezing, and not any
larger to avoid slowdown. This generally requires e” > S. For simplicity we can assume e?” ~ S. This yields
a rate ~ vS~%2, which favorably remains almost constant with growing system size.
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Figure S4. (a) Time-evolution of infidelity with the steady-state, assuming the ensembles to be spins of fixed size
S = 5/2, for different values of r. The black dashed lines are a long-time exponential decay e™ 2P’ with A\gap the
relevant dissipative gap. (b) Negative real part of the smallest and second-smallest non-zero Liouvillian eigenvalue
(blue and red lines respectively). The black points are the numerically fitted rates from the infidelity dynamics in
panel (a), which fall on one particular branch of the Liouvillian spectrum scaling as ~ e 2", (c) Time-evolution of
infidelity for fixed r = 1.5 and varied S. (d) Negative real part of the smallest non-zero Liouvillian eigenvalue, shown
as solid lines for different r. Solid points are corresponding fitted decay rates from the dynamics in panel (c). For
large r, the relevant dissipative gap empirically scales as ~ S'-5.
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XII. SECOND-ORDER MEAN-FIELD THEORY ANALYSIS OF LOCAL DISSIPATION

Here, we discuss the mean-field-theory analysis of the two-mode spin-squeezing dynamics in the presence
of local dissipation. We start with the quantum master equation

d R R 2 NJ/2 2 NJ/2
Sp =7 (DIa] + DIN]) 5+ DD - DlorJo+ D D 2=Dl67 10 (S59)
i=1 j=1 i=1 j=1

from which we derive equations of motion for the collective expectation values S¢* = (&;) as well as their
(co)variances C2F = (6B + Buvi)) /2 — (as)(Bir), with 7,7 € {1,2} and a, 8 € {X,Y, Z}. We consider an
initial state where all spins are in their ground state, S = S5 = —N/4, C£* = C%¥ = N/8 and all other
S, CE,B are zero (note that N denotes the total number of spins, i.e., the sum of both ensembles). For this
initial state, the only nontrivial equations of motion are

%Sf =_ (Sf — JZ> — v [CEF + CYY + cosh(2r)S7] (S60)
d xTrxr N xrx 4 xrxr z 2 1 4 xrxr z

&Cﬁ’ = (7= +472) 3 i )+ [cosh(2r)(CFF — CFF + (S7)7) — §Si +203°57| (S61)
d N 1 ,

SO = (- + 1) (5 — )+ |cosh(2r) (3 — O +(57)?) — 557 + 2005 | (362)
d N

aC’ff =_ <4 —2C7F + Sf) + 7 [cosh(2r)(CEF + CYY — 2C77) + 57 (S63)
d

acg = —(y- +4v,)CT5 + v [C5 (ST + S5) — sinh(2r)S7 S5 — cosh(2r)CTS — sinh(2r)C73] (S64)
d T T T z A xr

&Cﬂ = —(y= +47,)C{5 +~v[CY5 + (ST + S5) — cosh(2r)CY5] (S65)
%C%’ = —(y- +47.)CYY + v [CY5 (S + S3) + sinh(2r)S7 S5 — cosh(2r)CYd + sinh(2r)C73] (S66)
%Cf; = —27y_C75 — v [2cosh(2r)C75 + sinh(2r)(CT5 — C13)] - (S67)

From these moments and (co)variances, the two-mode operators of interest can be obtained as follows.

(X3) = Cff + (ST)? + C35 + (S5)? £2(Cf5 + S7S3) (S68)
(Y2) = C{{ + (SY)* + C33 + (SY)* £2(CYY + SYSY) . (S69)

To calculate steady-state observables, we numerically integrate Eqgs. (S60) to (S67) until the norm of the

vector of first moments S and (co)variances Cfl‘ig changes less than 1075 between two successive time steps.
Figure [S5| compares these steady-state results with some exact predictions for the steady-state |¢¢(r)) with
no unwanted dissipation y_ or 7., such as,

: 2 48 _
(Zicrs) = f+S + smh(r)f[tanh (r) 1]7

e I+
5 (25 4+ 1)<~ 4+ cosh(2r)| ,

7

(S70)

(X2) = (¥2) = -

using the main-text definition fi = tanh*$2(r) £ 1.

For small squeezing parameter 2" < N, mean-field theory and the exact results agree very well. For
large squeezing parameter e2” > N, mean-field theory is not expected to be an accurate description of the
highly non-Gaussian state of the spin system. Nevertheless, the decay of the signal (O?) is reproduced quite
well, but the steady-state covariance saturates at a finite value instead of decreasing to zero with increasing
squeezing parameter. As a consequence, the Wineland parameter obtained from mean-field theory has a
minimum value at a finite value of , which is a factor of 3 larger than the exact steady-state value of the
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Figure S5. Comparison between mean-field theory simulations based on Egs. (S60) to (S67)) and the exact results
given by Eq. (S70). Parameters are N/2 = 1000 and v— =, = 0.

Wineland parameter in the limit » — co. The Heisenberg-like scaling of the minimum Wineland parameter
as a function of IV, however, is reproduced well by mean-field theory.

The results shown in Fig. 3(a) of the main text have been obtained by minimizing the Wineland parameter
(obtained from mean-field theory for v, = 0 and v_ > 0) over the squeezing strength r for different values
of the collective cooperativity Crej = Nv/~v—. The dotted lines indicate the mean-field-theory steady-state
Wineland parameter obtained for v, = v_ = 0, which is a factor of 3 larger than the exact result due to the
breakdown of mean-field theory for large values of the squeezing parameter r.

For local dephasing, v_ = 0 but v, > 0, it is known that a slow timescale emerges in the dissipative
stabilization of a single-mode spin-squeezed state [5]. A similar effect occurs in the case of dissipative two-
mode spin squeezing, as shown in Fig.[S6] Starting from a coherent state polarized along the —z direction, the
two subensembles relax into a highly spin-squeezed “prethermal” state on a timescale « 1/N+v. On a much
longer timescale o< N /7., dephasing leads to a reduction of spin squeezing such that the Wineland parameter
increases towards its steady-state value. Since these timescales are separated by orders of magnitude in 1/
for large spin number NV, it is reasonable to assume that precision metrology will be performed with the
highly spin-squeezed transient state. Therefore, the results shown in Fig.3(b) of the main text have been
obtained by minimizing the Wineland parameter (obtained from mean-field theory for y_ = 0 and v, > 0)
over the evolution time ¢ and the squeezing strength r for different values of the collective cooperativity
Cy = Nv/7-.



Wineland parameter ¢£2

=
o
!

0.91

<o
o]

0.71

10 10* 102 10° 102 10* 106
Time I't

22

Figure S6. Mean-field simulation of the slow timescale emerging in the relaxation dynamics in the presence of weak
collective dephasing. Parameters are » = 0.2 and v, = 0.0017. Each subsystem is initialized in a coherent spin state

polarized along the —z direction.
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XIII. ALTERNATE NON-GAUSSIAN TWO-MODE STATES

While the main text focuses on spins and bosonic analogues, we can also consider systems with more exotic
annihilation operators O;. One such example is parity-restricted bosonic modes, for which the annihilation
operators remove pairs of excitations, e.g. O; = a;d; for bosonic lowering operators a; [7], which is of interest
to circuit-QED platforms [8, [9]. For this choice o(m) = y/2m(2m — 1) and mmpax = oo. In this case the
squeezed quadrature QFT takes the simple form of

OQmax = 4(1 —e 2" +¢7) ~ e, (S71)

This scaling is in line with the average photon number of the state, which would also scale as ~ e*", but
provides a far more non-trivial example of a system that can nonetheless be engineered for sensing. More
concretely, one of the correlated system operators X_ reads,

§ — doas | . (S72)

The scheme we describe can thus be used for entanglement-enhanced sensing of parametric driving addressing
two separate bosonic modes, e.g. one can test how well-correlated the amplitudes of the driving are for the
different modes.

Another non-trivial example with a finite Hilbert space is bosonic modes with a hard-core cutoff, enforced
for instance by strong non-linear interactions. In this case we can consider the annihilation operators to
be conventional bosonic operators O; = G; with the usual matrix elements o(m) = /m, but assume finite
Mmax < 00. For this example, we find an optimal QFI of

NQ@QT = 2627- [1 B (1 + mmaxseCh(Q’r‘)) tanh2mmax (,',,)]
1-— tanh2mmax+2(r) )

: 2
hmrﬁooNQe "= Qmax = 4dMmpax-

(S73)

It is interesting to observe that this QFI scales less favorably with Hilbert space size than the case of spins,
which instead features a quadratic scaling ~ m2 __, indicating that the structure of the annihilation operator
matrix elements o(m) plays a key role in the ultimate (maximally-squeezed) sensitivity.
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