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Detecting quantum noise of a solid-state spin ensemble with dispersive measurement
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We theoretically explore protocols for measuring the spin polarization of an ensemble of solid-state spins,
with precision at or below the standard quantum limit. Such measurements in the solid state are challenging,
as standard approaches based on optical fluorescence are often limited by poor readout fidelity. Indirect
microwave-resonator-mediated measurements provide an attractive alternative, though a full analysis of relevant
sources of measurement noise is lacking. In this work, we study dispersive readout of an inhomogeneously
broadened spin ensemble via coupling to a driven resonator measured via homodyne detection. We derive generic
analytic conditions for when the homodyne measurement can be limited by the fundamental spin-projection
noise, as opposed to microwave-drive shot noise or resonator phase noise. By studying fluctuations of the
measurement record in detail, we also propose an experimental protocol for directly detecting spin squeezing,
i.e., a reduction of the spin ensemble’s intrinsic projection noise from entanglement. Our protocol provides a
method for benchmarking entangled states for quantum-enhanced metrology.
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I. INTRODUCTION

Surpassing the standard quantum limit (SQL) of measure-
ment sensitivity is an important frontier of quantum metrology
[1–3]. For matter-based sensors consisting of N probe spins,
the SQL is the fundamental physical sensitivity limit 1/

√
N

determined by the quantum projection noise of classical (i.e.,
nonentangled) probe states [4]. Provided technical readout
noise is much smaller than the quantum fluctuations of such a
probe state, generating entanglement in an ensemble of atom-
based or spin-based sensors can enable enhanced precision
below the SQL, e.g., by squeezing the quantum projection
noise of the sensing state [4–6]. Pioneering experiments
have demonstrated squeezing in atomic ensembles [7–9] and
in nuclear-magnetic-resonance (NMR) experiments [10],
including realizations with state-of-the-art clock protocols
[11]. Solid-state spin sensors, such as the nitrogen vacancy
(NV) center in diamond, form a prime test bed of these
phenomena and they provide the unique opportunity to sense
a wide range of condensed-matter [12], geological [13], and
biological [14] quantities with sensitivity beyond the SQL.
Several theoretical proposals have been made to generate
metrologically useful entanglement in solid-state spin

*Contact author: mikhail.mamaev@utoronto.ca
†Present address: Department of Physics, University of Toronto,

Toronto, ON, Canada.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

ensembles [15–21], and a recent experiment demonstrated
spin squeezing in an ensemble of dipolar interacting NV
centers, confirmed via an indirect detection method [22].

However, leveraging spin squeezing for actual
sensitivity improvements remains hindered by the fact
that measurements are typically limited by technical noise
(such as photon shot noise in standard NV readout by
optical fluorescence) rather than by the fundamental quantum
projection noise [23]. Hence, there is a strong motivation
to realize spin-projection-noise-limited readout of spin
ensembles or at least to mitigate detection noise [24,25]. A
recent heroic effort [26] measured an NV ensemble (N ∼ 30)
at the quantum projection noise limit by leveraging a
nuclear-spin-assisted repetitive readout scheme [27]. However
the experiment necessitated high (2.7 T) magnetic fields and
high (80 GHz) microwave signals, which—alongside scaling
to larger N—is technically challenging.

A promising alternative is indirect readout via transduc-
tion of the spin polarization into an auxiliary mode [28],
such as a resonator, and the achievable noise limits have
also been explored for single-spin systems [29,30]. There
have been pioneering experiments detecting spins in a variety
of solid-state hosts using resonator-assisted readout [31–33],
including direct measurement of the collective polarization
of a spin ensemble [34] and even single-spin detection [35].
Unfortunately, resonator-assisted readout of a solid-state en-
semble with a measurement precision saturating the SQL (i.e.,
with technical readout noise smaller than the spin-projection
noise of a product state) is yet to be demonstrated. Part of
the challenge is that, even on a theoretical level, the system
exhibits a large and complex parameter space, rendering it dif-
ficult to find an experimentally optimal regime to operate in.
There exist parametric conditions quantifying the achievable
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FIG. 1. (a) Schematic of a circuit-QED setup relevant to our system, with N spin-1/2 degrees of freedom coupling to a resonator â
with individual couplings gj . Excitations decay from the resonator to its environment with strength κ , and from individual spins with rate
γ−. The resonator is driven by an input microwave field âin. The quadratures of the light field coming out of the resonator âout are passed
through, e.g., an I-Q mixer and measured to obtain a time-integrated homodyne current M. (b) Schematic of the system spectrum. The spins
have inhomogeneous frequencies δ j , while the resonator is detuned by � from the spins’ center frequency. (c) Schematic of how an initial
collective spin polarization 〈Ŝz(0)〉 (either on the equator of the spin Bloch sphere or inclined by some angle θ ) affects the dynamics of the
integrated homodyne quadrature measurement outcome M(T ) over a collection time T . Different trajectories correspond to different runs of an
experiment. (d) For a fixed set of Nruns experimental runs, the distribution of measurement outcomes after a collection time T may be binned.
The mean of the distribution is the expectation value 〈M̂(T )〉 dependent on the collective spin polarization. The width of the distribution is set
by the variance (�M(T ))2, which we seek to make spin-projection-noise limited.

sensitivity with resonator-assisted readout [36], but they gen-
erally invoke empirical scaling factors to characterize the
measurement efficiency. An outstanding set of questions in
the field is thus the following: (1) What are the parametric re-
quirements on an ensemble and resonator to be able to reliably
detect spin-projection noise, and (2) how can such information
be used to characterize the presence of entanglement such as
squeezing?

In this work, we answer these questions via a theo-
retical study of a dispersive readout scheme [37] of the
collective spin polarization of a solid-state spin ensemble
coupled to a microwave resonator. Specifically, we con-
sider using a dispersive shift ∼χ â†âŜz (with resonator
mode â and dispersive spin-resonator coupling χ ) to ex-
tract information on the collective spin component Ŝz by
driving â, and measuring the change in reflected output
due to Ŝz via homodyne readout. Dispersive readout us-
ing microwave resonators is a well-established technique for
circuit-QED platforms [37], where almost ideal measure-
ments of one or a few qubits are straightforward to realize.
The situation is quite different for solid-state many-spin
sensors. Here, one has to contend with disorder (inhomoge-
neous broadening) of the spin frequencies, something that
is ubiquitous in solid-state systems [38,39]. Further, the
experimentally attainable dispersive shifts are dramatically
smaller due to small spin-resonator magnetic-dipole-mediated
couplings.

Due to the longer measurement timescales involved, the
effects of intrinsic T1 decay of the spins must be accounted
for, as they dynamically change both the measured signal
and the noise contributions midmeasurement. Our analysis
considers how T1 decay of a large spin ensemble changes the
fluctuation properties of the ensemble as it evolves during the
measurement, and also accounts for the effects of inhomoge-

neous broadening. The analysis also includes both the effects
of photon shot noise in the driven resonator and resonator
phase noise. We derive a general analytic condition for when
the measurement can be made spin-projection-noise limited.
We also carefully analyze the requirements for being able to
detect spin squeezing in the initial state of the spin ensemble
via a homodyne measurement, deriving necessary parametric
conditions on the setup that need to be satisfied.

II. THEORETICAL MODEL

We consider a generic spin ensemble plus resonator setup,
comprised of N spin-1/2 degrees of freedom coupled to a sin-
gle resonator, as depicted in Fig. 1(a). We consider the system
to exhibit inhomogeneous broadening, i.e., the transition fre-
quencies of individual spins are spread stochastically across
a frequency range rather than being uniform. The physics
of the system can be modeled by the following Hamiltonian
and quantum master equation in a frame rotating at the mean
spin-transition frequency,

Ĥ = �â†â +
N∑

j=1

δ j ŝ
z
j +

N∑
j=1

(g jâ
†ŝ−

j + H.c.),

d

dt
ρ = −i[Ĥ, ρ] + κD[â]ρ + γ−

N∑
j=1

D[ŝ−
j ]ρ. (1)

Here, â is the lowering operator for the resonator mode,
ŝ+

j , ŝ−
j , and ŝz

j are spin-1/2 operators for spin j with
commutation relations [ŝ+

j , ŝ−
j ] = 2ŝz

j , and the Lindblad

dissipator D[Ô]ρ = ÔρÔ† − 1
2 Ô†Ôρ − 1

2ρÔ†Ô describes in-
coherent decay channels due to the external environment.
As depicted in Fig. 1(b), the resonator has a detuning
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TABLE I. System parameters. All energies are in units of s−1, setting h̄ = 1 (can be converted to hertz by removing the factors of 2π ).
All numerical calculations and plots use these parameters, unless otherwise specified. For parameters that can exhibit inhomogeneity (namely,
spin-resonator coupling gj and spin frequency δ j , hence also the dispersive coupling χ j and decay rate γ j), the values in this table are the mean
values of the distribution.

Symbol Meaning Value

N Atom number 106

gj Spin-resonator coupling 2π × 50 s−1

σδ Inhomogeneous broadening width 2π × 106 s−1

δ j Spin frequency ∈ [−σδ, σδ]
γ− Spin decay rate = T −1

1 2π × 1 s−1

κ Resonator loss rate 2π × 105 s−1

� Resonator-spin detuning 2π × 5 × 106 s−1

n Resonator mean photon number = 〈â†â〉 105

γ j Renormalized spin decay rate = γ− + κg2
j/(� − δ j )2 2π × 1 s−1

χ j Spin dispersive coupling = g2
j/(� − δ j ) 2π × 5 × 10−4 s−1

T Homodyne measurement time Varies
λ Parameter characterizing dispersive measurement quality 16χ2nN/(κγ ) (for homogeneous χ j = χ , γ j = γ )

� from the spin-transition center frequency. The spins
themselves have random detunings δ j from this center
frequency, drawn from a generic probability distribution with
characteristic width σδ and mean zero (such as a Gaussian
with variance σ 2

δ ). In this parametrization,
∑

j δ j = 0. Each
spin couples to the resonator with strength gj . We also con-
sider the spins to have an intrinsic energy relaxation rate
γ−, and the resonator has a photon loss rate κ . Note that, in
practice, the spins also experience dephasing dynamics, which
could be included in Eq. (1) by adding a D[ŝz

j] dissipator for
every spin. Such dephasing impacts Ramsey-type quantum
sensing protocols because it limits the signal acquisition time.
However, since our goal is to measure a signal encoded in
the z polarization of the spin ensemble [see Fig. 1(c); this
corresponds, e.g., to the final state of a Ramsey protocol],
dephasing dynamics is irrelevant because it cannot change
the z polarization. We therefore omit the dephasing terms in
Eq. (1).

In Table I, we show all relevant parameters for the system
we study, along with realistic values for a sample experimental
implementation employing NV centers in a diamond substrate
coupled to a superconducting microwave resonator patterned
on top of it. The details of this candidate platform are de-
scribed in the next section. These are the values used in all
subsequent plots and simulations unless otherwise specified.

We focus on the dispersive regime, which assumes that
the spin-resonator detuning is much larger than the spin-
resonator coupling. Compared to resonantly coupled spins,
this approach trades coupling strength for improved control
over signal dynamics and benefits from access to the long
spin relaxation times attainable by, e.g., cryogenic NV cen-
ters. Furthermore, due to inhomogeneous broadening of spin
frequencies, most of a spin ensemble can be dispersive even
if one tries to drive the system resonantly; we will discuss
such effects further on. Specifically, as detailed in the next
section, for readout purposes we will apply a drive to the res-
onator to create a nonzero average cavity photon number n =
〈â†â〉; the condition for being in the dispersive limit is then
|� − δ j | � √

n|g j | for all j. In this regime, direct transfer of
excitations from the spins to the resonator is energetically sup-

pressed, allowing us to neglect many of the more complicated
dynamics that can be induced by the resonator. The leading-
order perturbative effect of the coupling is a dispersive
interaction, which can be written as (see Appendix A)

ĤSW = �â†â +
N∑

j=1

δ j ŝ
z
j − 2â†â

N∑
j=1

χ j ŝ
z
j,

d

dt
ρ = −i[ĤSW, ρ] + κD[â]ρ +

N∑
j=1

γ jD[ŝ−
j ]ρ, (2)

where the coefficients are

χ j = |g j |2
� − δ j

, γ j = γ− + κ|g j |2
(� − δ j )2

. (3)

The dispersive shift stems from the coupling term
∼â†â

∑
j χ j ŝ

z
j . Crucially, in deriving the above model,

we also make the experimentally relevant assumption that the
inhomogeneous broadening width σδ is strong compared to
all of the resonator-mediated processes. Formally, we make
the approximation that |g∗

jg j′ |/|� − δ j | 
 |δ j − δ j′ | ≈ σδ for
all j �= j′, which says that the spins are far apart in frequency
(due to the inhomogeneous broadening) compared to their
resonator-mediated coupling, and hence cannot undergo
flip-flop interactions or exhibit superradiant enhancement
of Purcell decay (Appendix A provides details on this
approximation). There is, however, a noncollective Purcell
decay of each spin [the last term in the definition of γ j in Eq.
(3)], which will play a role in the detection properties of the
system.

There can also be flip-flop interactions ∼ŝ+
j ŝ−

j′ originating
from direct dipole-dipole couplings between the spins. If the
ensemble is sufficiently spatially dense, these couplings are
not necessarily slow compared to the timescales for measure-
ment. For instance, dipole-dipole coupling strengths of NV
centers in diamond are ∼50 MHz nm3 [40,41] or ∼50 kHz
for vacancies 10 nm apart. These interactions are generally
viewed as a source of decoherence, though there are re-
cent explorations of their effects on superradiant dynamics
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[42] and on using them for entanglement generation [22].
Such dipole-dipole couplings do not affect our subsequent
results because they will not appreciably change the quantum
dynamics of the total spin polarization observable

∑
j χ j ŝ

z
j

we seek to measure. Specifically, such flip-flop interactions
are only relevant for spins j and j′ that have similar fre-
quencies δ j ∼ δ j′ (compared to the flip-flop strength), which
is unlikely for ensembles with σδ ∼ MHz inhomogeneous
broadening. Even if flip-flops do happen, their overall disper-
sive shift ∼χ j ŝ

z
j + χ j′ ŝ

z
j′ will be unaffected provided χ j and

χ j′ are close χ j ≈ χ j′ , since the total spin polarization ŝz
j + ŝz

j′

commutes with the flip-flop interaction ∼ŝ+
j ŝ−

j′ + H.c., and
does not experience any additional dynamics induced by the
dipole-dipole interactions.

Note that if the couplings χ j are inhomogeneous, while
spin frequencies are sufficiently close, dipole-dipole interac-
tions will affect the signal we are able to measure (since it is
a weighted sum of contributions from different spins, rather
than a collective spin polarization). The parameter regime of
strong inhomogeneity will exhibit a reduced signal-to-noise
ratio for standard, Ramsey-style interferometric measurement
protocols; such effects will be explored in Sec. V B.

III. MODEL EXPERIMENTAL SYSTEM

To realize the model spin-resonator system presented in
Sec. II and sketched in Fig. 1, we introduce a concrete exam-
ple shown in Fig. 2. The system consists of a superconducting
microwave resonator inductively coupled to a spin ensemble,
which, for the sake of concreteness, we take to be an ensemble
of NV centers in diamond. The microwave resonator consists
of a planar inductor-capacitor (LC) circuit with a wire consti-
tuting the inductor and meandered fingers defining the planar
capacitor (C). The flow of current through the wire and the os-
cillation of charge between the planar capacitor plates define
the resonance frequency of the circuit as ωr = 1/

√
LC. A dc

magnetic field controls the detuning � between the spins and
resonator. Spins near the wire inductively drive current in the
wire much like in NMR or electron paramagnetic resonance.
The task of achieving spin-projection noise-limited sensitivity
is translated to quantum-limited detection of the microwave
field.

To provide a scale for the coupling between the resonator
and a single spin, we note that, when the microwave resonator
is in its ground state [which occurs for milliKelvin operat-
ing temperatures for ωr/2π ∼ O(GHz)], the current flowing
through the wire is given by the zero-point current izpf =
ωr

√
h̄/2Z0 ≈ 50 nA for a resonator at frequency ωr/2π ≈

5 GHz with impedance Z0 ≈ 20 
. This current is associated
with a zero-point magnetic field given by the Biot-Savart law
as Bzpf = μ0izpf/(2πr) at a distance r from the wire in the
far-field limit, where μ0 is the permeability of free space.
For Bzpf oriented entirely perpendicular to a resonant single
electron spin, the resulting spin-resonator coupling would be
given by g/2π = Bzpf〈0|γeσx|1〉 ≈ 50 Hz. We provide a more
detailed prediction of the spin-resonator couplings, based on
the proposed system geometry, in Appendix D.

Figure 2(b) shows a quantum-limited detection chain to de-
tect the spin-driven current with the LC circuit thus expanding

FIG. 2. Experimental setup for spin ensemble detection at and
beyond the standard quantum limit (SQL): (a) proposed experimental
device and (b) measurement setup. (a) To realize Fig. 1(a), a super-
conducting thin film (gray) is lithographically patterned on top of
the diamond substrate (light blue) containing a near-surface defect
center spin ensemble (pink). The patterned superconductor defines
a lumped-element resonator circuit with a narrow wire forming the
inductor (L) carrying current, and planar meandered fingers forming
the capacitor (C) carrying charge, with the resonant frequency lying
in the microwave regime. An enlarged cartoon around the wire is
shown as inset. The current-carrying wire produces a microwave
magnetic field (gold lines) that couples to the spins located within
the microwave resonator mode volume. This coupling is modeled by
the Jaynes-Cummings interaction written in Eq. (1) and ultimately
responsible for the dispersive interaction in Eq. (2). (b) Microwave
detection circuit of the device shown in panel (a) and sketched in
Fig. 1. The Larmor precession frequency of the spins is tuned by
a dc magnetic field produced by a Helmholtz coil (maroon). The
measurement chain is kept low noise by attenuating thermal noise
along the input lines and adding low-noise amplification along the
output lines. Homodyne microwave detection measures the field
quadratures I and Q by interfering the signal exiting the resonator
with a known local oscillator (LO) reference. Time integration of the
field quadratures yields the measurement observable M.

upon the cartoon schematic in Fig. 1(a). By submitting the
resonator to a microwave tone and measuring the phase of the
output microwave irradiation relative to the reference input
through a homodyne measurement scheme, we gain access to
the collective spin polarization in the dispersive regime.

In the next section, we model the readout chain in detail
and derive the criterion for resolving the quantum projection
noise above technical noise introduced by the measurement
setup.
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IV. HOMODYNE DETECTION AND OBSERVATION
OF SPIN-PROJECTION NOISE

In a standard Ramsey-style sensing protocol, one seeks to
measure some unknown phase θ caused by, e.g., precession
of spins in a magnetic field. A Ramsey sequence translates
this phase information into the ensemble’s spin polarization,
which can then be read out. We will do this using the resonator
and the dispersive coupling −2â†â

∑
j χ j ŝ

z
j . As per standard

dispersive measurement protocols, the dispersive coupling
leads to a spin-dependent change of the effective frequency of
the resonator. This change can be detected by measuring the
reflection phase of a microwave tone driving the resonator.
Concretely, the change is measured via an effective homo-
dyne detection, i.e., measuring one quadrature of the outgoing
microwave field (with an I − Q mixer one can also perform
heterodyne measurements of both quadratures, although this
is not necessary for our goal of just measuring the spin polar-
ization) (see Fig. 1). While this approach is well established
in the field, we will focus on explicitly characterizing how
the intrinsic quantum noise of the spin ensemble’s initial state
dynamically manifests itself in the output-field measurement.
We will also consider the interplay of the quantum noise
with intrinsic T1 decay of the spins happening in parallel
to the measurement, and determine the optimal timescales
and parameters needed to reach spin-projection-noise-limited
precision.

A. Integrated homodyne quadrature

We assume that the resonator is driven by a resonant
monochromatic tone (same frequency as the resonator in the
absence of spins), described by a bosonic input field âin, with
an effective drive Hamiltonian −i

√
κc(â†âin − H.c.), where

κc is the coupling between the resonator and driving tone.
The Heisenberg equation of motion for the resonator field â,
including both the Hamiltonian and dissipator from Eq. (2)
and this incident driving tone, is given by

d

dt
â(t ) =

⎛
⎝−κ

2
+ 2i

N∑
j=1

χ j ŝ
z
j

⎞
⎠â(t ) − √

κcâin(t ). (4)

The reflected light field coming back from the resonator,
described by bosonic output field âout, can be written via
standard input-output theory as

âout (t ) = âin(t ) + √
κcâ(t ). (5)

We assume that loss from the resonator is dominated by the
coupling to the measured channel (i.e., the resonator is over-
coupled) and set κc = κ going forward, although our results
do not qualitatively change if this assumption does not hold,
beyond rescaling the ensuing signal by a factor κc/κ with κc

the loss into the measured channel only. We seek to measure
the quadrature of this output field sensitive to the spin polar-
ization, which is (based on choice of drive phase without loss
of generality, see Appendix B)

Îout (t ) = âout (t ) + â†
out (t ). (6)

The goal is to extract as much information as possible about
the initial state of the spins from the dynamics of this quadra-

ture. The simplest approach is a time-integrated homodyne
protocol, for which we integrate the quadrature over some
collection time T . The time-integrated observable is

M̂(T ) =
∫ T

0
dt Îout (t ). (7)

The expectation value of this observable has units of
√

time
(reflecting the fact that photon shot noise will cause its vari-
ance to grow diffusively in time). There also exist more
sophisticated protocols that use a filter for the time integra-
tion to pick out intervals of time where the strongest signal
manifests [43], although we will not consider such techniques
in this work.

We operate in the regime where the resonator dynamics
are much faster than any spin exchange, κ � χ j, γ j , and the
resonator quickly builds up to a driven-dissipative equilibrium
photon number n = 〈â†â〉, at which it remains fixed through-
out any dynamics we study. Under these assumptions, the
time-integrated quadrature expectation value is proportional
to the spin polarization (see Appendix B for details),

〈M̂(T )〉 = 8
√

n√
κ

N∑
j=1

χ j

∫ T

0
dt
〈
ŝz

j (t )
〉
. (8)

Under the dispersive model, the dynamics of the spin-
polarization observable 〈ŝz

j (t )〉 are set only by the T1 decay
and single-spin Purcell decay, which lead to a combined decay
rate γ j defined in Eq. (3). The resulting time evolution can be
written explicitly:〈

ŝz
j (t )
〉 = −1

2
+ e−γ j t

2

(
1 + 2

〈
ŝz

j (0)
〉)
, (9)∫ T

0
dt
〈
ŝz

j (t )
〉 = 1

γ j

(〈
ŝz

j (0)
〉+ 1

2

)
(1 − e−γ j T ) − T

2
, (10)

with 〈ŝz
j (0)〉 the initial spin polarization. By measuring

〈M̂(T )〉 and comparing it to Eq. (10), we gain information
about the initial condition of the spins.

More specifically, a single run of an experiment measuring
the integrated homodyne current for some initial condition of
the spins will report a single value M(T ) at each time T . For a
set of Nruns experimental runs, as depicted in Fig. 1(c), we will
have a set of values {M(T )} with some stochastic distribution
due to noise. As depicted in Fig. 1(d), the distribution may
be binned. The mean of the distribution is the expectation
〈M̂(T )〉, which depends on (and thus provides a measurement
of) the spin initial condition. The variance of the distribution
will be given by

(�M(T ))2 = 〈M̂(T )2〉 − 〈M̂(T )〉2. (11)

The variance characterizes the total noise affecting the mea-
surement, including both spin-projection noise and other
factors. A first experiment seeking to verify that the mea-
surement is spin-projection noise limited may simply measure
(�M(T ))2 by computing the width of the resulting histogram
for various T , and seeing if it changes in the presence of spins.
In this context, the measurement variance itself is akin to an
observable that can be measured in its own right. Should the
measurement indeed be spin-projection-noise-limited, we can
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also explore further reductions due to entanglement such as
spin squeezing; this will be explored in Sec. VI.

It is also important to note that what we will end up
measuring with the dispersive approach is not necessarily the
fully collective initial spin polarization

∑
j〈ŝz

j (0)〉, but rather
a sum weighted by the dispersive coupling strengths of the
spins

∑
j χ j〈ŝz

j (0)〉. The observable we will have access to
is the collective spin polarization plus a correction term due
to disorder in χ j , which will eventually limit the achievable
measurement precision; the effects of such inhomogeneity
will be discussed further in Sec. V B.

B. Variance of homodyne measurement

Before addressing a specific signal to measure (e.g., a
phase imprinted on the spins), we first consider the quan-
tum noise of the measurement itself. We want to understand
what the requirements are to have the variance (�M(T ))2

be dominated by spin-projection noise, rather than shot noise
in the homodyne current. We assume that the drive tone on
the resonator is in a coherent state âin(t ) = αin + ξ̂ (t ), with
coherent amplitude αin and intrinsic quantum fluctuations ξ̂ .
The latter are assumed to have white-noise correlations with
no thermal photons, namely, 〈ξ̂ (t )〉 = 0 and 〈ξ̂ (t )ξ̂ †(t ′)〉 =
δ(t − t ′) with other two-point correlators equal to zero. Under
these assumptions, the observable’s variance can be written as
(see Appendix B for details)

(�M(T ))2 = (�Mspin(T ))2 + (�Mshot (T ))2, (12)

which consists of the intrinsic spin-projection noise integrated
over time,

(�Mspin(T ))2 = 64n

κ

N∑
j, j′=1

χ jχ j′

∫ T

0
dt
∫ T

0
dt ′

× [〈
ŝz

j (t )ŝz
j′ (t

′)
〉− 〈

ŝz
j (t )
〉〈

ŝz
j′ (t

′)
〉]
, (13)

and the integrated shot noise of the drive, which is simply
linear in time:

(�Mshot (T ))2 = T . (14)

For an initial state that is a separable product state (no initial
correlations between spins), the spin noise can be computed
to be (see Appendix C)

(�Mspin(T ))2 = 64n

κ

N∑
j=1

χ2
j

γ 2
j

(〈
ŝz

j (0)
〉+ 1

2

)[
2(1 − e−γ j T )

−2e−γ j T γ jT −
(〈

ŝz
j (0)

〉+ 1

2

)
(1 − e−γ j T )2

]
.

(15)

We have zero noise at zero collection time, (�M(T ))2 = 0,
since we can be certain that no signal has been detected yet.

C. Resolving the spin-projection noise above photon shot noise

The noise contributions to the variance are simplest to
analyze in the homogeneous parameter regime of constant
couplings χ j = χ and decay rates γ j = γ . We will also
assume an initial collective product state of all spins re-
siding along the equator of the Bloch sphere, 〈ŝz

j (0)〉 = 0

[see Fig. 1(c)]. Such a state is typical for standard Ramsey
spectroscopy protocols; later, we will consider a signal that
is an infinitesimal perturbation away from this initial state.
Such a state is also ideal for studying spin-projection-noise
properties of the system, since it has maximal variance in
the spin polarization observable. The spin-projection noise for
homogeneous parameters is

(�Mspin(T ))2

= 16nNχ2

κγ 2
[(1 − e−γ T )(3 + e−γ T ) − 4e−γ T γ T ]. (16)

Figure 3(a) shows this noise and the shot noise as a function
of collection time T . At short collection time γ T 
 1, the
spin-projection noise is quadratic in T :

(�Mspin(T ))2 = 16nNχ2

κ
T 2 + O(γ 3T 3). (17)

The spin noise grows monotonically, then saturates on a
timescale of roughly T ∼ 1/γ , as the signal is decaying at rate
γ and the correlator only picks up significant contributions
from short times. The final saturation value at infinitely long
collection time is

lim
T →∞

(�Mspin(T ))2 = 48nNχ2

κγ 2
. (18)

In this limit, the spins have finished decaying down to their
ground state and do not contribute any further noise.

We can see from Fig. 3(a) that for sufficiently strong driv-
ing (i.e., large resonator photon number n), there is a range of
collection times T for which the spin noise dominates the shot
noise,

(�Mspin(T ))2 � (�Mshot (T ))2. (19)

We are interested in determining when this condition can be
achieved parametrically. Still assuming homogeneous param-
eters and inserting the short-time expansion for (�Mspin(T ))2,
we obtain

(�Mspin(T ))2

(�Mshot (T ))2
= 16nNχ2T

κ
� 1. (20)

As a rough estimate, we can set the collection time needed
to pick up all available signal to T = 1/γ ; going further will
provide little benefit as the spins will have decayed. Inserting
this value gives us a parametric condition:

λ = 16χ2nN

κγ
= 16g4nN

�2κγ
� 1, (21)

where λ characterizes the quality of the system’s measurement
resolution. If this condition is satisfied, we can expect the
dispersive homodyne measurement to be spin-projection noise
resolved. Satisfying λ � 1 is also a necessary precursor to
using entangled spin-squeezed states for more precise mea-
surements with this protocol, as will be shown in Sec. VI.
Note that, while this parameter implies one can always do
better with a smaller detuning �, one must still satisfy other
approximations such as remaining in the dispersive regime; a
thorough analysis of parametric dependence is provided in the
next subsection.
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s

FIG. 3. (a) Contributions to the measurement variance (�M(T ))2 = (�Mspin(T ))2 + (�Mshot (T ))2 [defined in Eq. (12)] from intrinsic
spin-projection noise (�Mspin(T ))2 and shot noise (�Mshot (T ))2 = T from homodyne detection. We assume homogeneous system parameters,
with values taken from Table I: gj/(2π ) = 50 Hz, �/(2π ) = 5 MHz, κ/(2π ) = 100 kHz, χ j/(2π ) = 5 × 10−4 Hz, γ j/(2π ) = 1 Hz, and
varied number of resonator photons n shown in the inset. Note that for the dispersive coupling χ j and resonator-assisted decay rate γ j we
omit shifts from the random spin frequencies δ j , since the center frequency is fixed at δ j = 0. (b) Total measurement variance (�M(T ))2, for
different values of the measurement-quality parameter λ, defined in Eq. (21), normalized by the shot noise. We use the same parameters as
panel (a), varying λ by tuning n = 2.5 × 104, 105, 106 for λ = 1, 10, 100.

Figure 3(b) plots the total measurement variance, nor-
malized by the shot noise (�Mshot (T ))2 = T . We see that
for sufficiently large λ � 1, there is a characteristic noise
“bump” above the shot-noise background that occurs due to
the presence of the spins. While we will study a specific
signal to measure in the next section, a first experimental
implementation may seek to first prove that it is spin-
projection-noise-limited by measuring the presence of such
a “bump.” While the same increase in noise could also be
observed for, e.g., an infinite-temperature thermal state as op-
posed to a coherent superposition, one can easily distinguish
the two by rotating the initial state by π/2 from the x to the
z axis of the Bloch sphere. A pure initial state would then see
no extra noise at short times (if it now starts in an eigenstate
of ŝz

j with zero variance), while a thermal state would retain
the same noise profile.

D. Parametric dependence and approximations

Before moving on, we review the approximations made
thus far. The dispersive approximation required |g j |

√
n 


|� − δ j | for all spins j. For our considerations of a collective
signal, we want this to be true for the average spin—There
can be some exceptions such as near-resonant spins but, pro-
vided they are few in number, their contribution should be
negligible. For homogeneous g j = g and assuming |�| � |δ j |
(allowing us to roughly approximate |� − δ j | ≈ |�| for an
average spin), we must have g

√
n 
 |�|.

The homodyne current depending on the spin polarization
∼∑ j χ j〈ŝz

j〉 assumes the resonator dynamics on timescale ∼κ

are much faster than any dynamics involving the spins; hence,
for homogeneous parameters χ j = χ, γ j = γ , we must have
γ , χ 
 κ .

In deriving the dispersive model, we drop cross
terms in both the Hamiltonian and the dissipators (see
Appendix A), which requires |g jg j′ |/|� − δ j | 
 |δ j − δ j′ |
and κ|g jg j′ |/(|� − δ j ||� − δ j′ |) 
 |δ j − δ j′ | for all j �= j′.
For inhomogeneous broadening width σδ , we can approximate
|δ j − δ j′ | ≈ σδ for the average spin. If we neglect disorder in

g j , the two above conditions become g2 
 �σδ and κg2 

�2σδ . Violation of the first condition will enable resonator-
mediated spin flip-flop interactions, while violation of the
second will cause superradiant enhancement of Purcell decay.
Both the resonator detuning � and the broadening width σδ

must be appreciably large for the conditions to hold. The
resonator linewidth κ must also not be too large for the second
condition to hold, but we do not strictly require a broader spin
distribution than resonator decay rate κ < σδ , as the condi-
tions can still be satisfied by increasing the resonator detuning
�. For parameters typical to state-of-the-art experimental im-
plementations (see Table I), all of the above approximations
are very well satisfied for spin-resonator detuning � � σδ .
Generally, the challenge is achieving a high enough spin-
resonator coupling g.

Having reviewed the requisite approximations in deriving
our measurement-quality parameter, we now further analyze
its explicit form. First, we can write λ in terms of the collective
cooperativity C = 4Ng2/(κγ ),

λ = 4Cg2n

�2
. (22)

This form implies one can always be more sensitive to spin-
projection noise by reducing the spin-resonator detuning �.
In principle, this behavior will break down once we ap-
proach � = g

√
n and the dispersive approximation fails as

described above. Thus, replacing � by g
√

n yields a (roughly)
maximized measurement-quality parameter over resonator de-
tunings λmax = 4C, i.e., just the collective cooperativity up to
a prefactor.

However, as we will explore in Sec. V B, the effective-
ness of measurement will degrade long before we approach
� = g

√
n. Due to inhomogeneous broadening, different spins

will start to undergo resonator-mediated Purcell decay at dif-
ferent rates as soon as the resonator detuning is comparable to
the spin frequency distribution width, � � σδ . We still want
to optimize � to be as small as possible, but its minimum
feasible value is now set by σδ , below which it will become
difficult to measure a signal. If we thus set � = σδ , we find a
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different measurement-quality parameter maximized over �:

λmax = 4CCinh, Cinh = ng2

σ 2
δ

, (23)

where Cinh characterizes the quality of the spin-resonator cou-
plings relative to the inhomogeneous broadening. Note that
we still require the dispersive approximation to be valid, hence
g2n 
 �2 ≈ σ 2

δ , meaning the numerator of Cinh must be much
smaller than the denominator, and hence Cinh � 1.

Combining the value of the optimized measurement-
quality parameter limited by inhomogeneous broadening
(valid for ensembles with a frequency distribution much
broader than the spin-resonator couplings g

√
n) and the prior

value limited just by the dispersive approximation, we find an
overall parameter maximized over the resonator detuning �:

λmax = 4C × min(1, Cinh ). (24)

For a practical measurement seeking to achieve, e.g., a good
signal-to-noise ratio for a Ramsey-style experiment, as will
be studied in Sec. V B, one must satisfy λmax � 1. For this
to be true, the collective cooperativity C must compensate for
the effect of broadening described by Cinh (since the latter is
always less than 1).

E. Benchmarking other sources of experimental noise

We now analyze the impact of other possible imperfections
on our proposed measurement schemes.

One major source of error is phase noise, present either in
the resonator itself or in the laser drive. We provide a detailed
analysis of such noise on our protocol in Appendix E. The
main result is that our condition for resolving intrinsic spin
noise gains an additional factor,

λ → λ

1 + 32�Ln
κ

, (25)

where �L is the width of the phase-noise spectrum, assuming
it is of Lorentzian shape [44]. We see that, in the presence
of such phase noise, the scaling improvement with resonator
photon number λ ∼ n is eventually lost, although for state-of-
the-art platforms �L can nonetheless be small enough to still
allow λ � 1 to be satisfied [45].

Another possible source of error is a finite number of
experimental runs. If we only run the experiment Nruns times,
the resulting variance in outcomes will be a sample variance
that may be different from the true (�M(T ))2. We study the
effects of this finite sampling in Appendix F. For homoge-
neous parameters, resolving spin-projection noise requires the
following minimum number of runs:

Nruns �
(

1 + 1

λ

γ T

(1 − e−γ T )(3 + e−γ T ) − 4e−γ T γ T

)2

.

(26)

In the limit of a perfect system λ → ∞, only one experimental
run is needed. Various series expansions of this condition are
detailed in Appendix F.

One more common experimental pitfall is finite measure-
ment efficiency η � 1, for which the observed signal reads

Îout (t ) = √
η[âout (t ) + â†

out (t )] +
√

1 − η x̂noise(t ), (27)

where x̂noise(t ) = ξ̂noise(t ) + ξ̂
†
noise(t ) and ξ̂noise(t ) is

white-noise distributed [expectation values 〈ξ̂noise(t )〉 = 0,
〈ξ̂noise(t )ξ̂ †

noise(t ′)〉 = δ(t − t ′) with all other correlators
zero]. Thus, a fraction 1 − η of the signal is essentially
replaced by white noise. It is straightforward to show that
non-unit homodyne efficiency reduces the time-integrated
spin noise by (�Mspin(T ))2 → η(�Mspin(T ))2, while the
shot noise remains unchanged at (�Mshot (T ))2 = T . The
measurement-quality parameter thus inherits the efficiency
factor,

λ → λη. (28)

V. RESONATOR-BASED SPIN-ENSEMBLE
MAGNETOMETRY

Having analyzed the noise properties of our setup, we
now turn to the ultimate application of interest: the ability
to sense a small rotation of the spin ensemble with SQL or
even better-than-SQL precision. Suppose all spins still start
in a collective product state, but infinitesimally rotated away
from the equator of the Bloch sphere, 〈ŝz

j (0)〉 = sin(θ )/2 with
θ 
 1 [see Fig. 1(c)]. We seek to extract information about θ

by measuring the change in spin polarization via the resonator.
As it is standard in Ramsey spectroscopy, the phase θ is as-
sumed to be infinitesimally small, hence we consider the limit
θ → 0 in all our analysis hereafter. For solid-state ensembles,
the spin polarization is typically measured via fluorescence or
absorption measurements of the sensors; here, we will use the
homodyne current coming from the resonator.

Before going into quantitative detail, we overview the
anticipated results. For a perfect measurement limited by spin-
projection noise only, without any additional noise sources or
decoherence processes, we can anticipate that Ramsey spec-
troscopy measurements of infinitesimally small θ will have a
signal-to-noise ratio (SNR) of

√
N for nonentangled spins .

Our goal is to understand how close we can come to this limit
using the resonator-based dispersive readout.

The SNR of the measurement will nontrivially depend on
the homodyne-current collection time T . Since (�Mspin(T ))2

grows faster than the shot-noise term (�Mshot (T ))2, integrat-
ing for long times T suppresses the impact of shot noise
and ensures spin-projection noise is dominant. However, in-
tegrating much longer than the T1 time, i.e., γ T � 1, will not
improve the SNR because the spins will have decayed and
there will be no signal any more. There will thus be an optimal
T that we will describe quantitatively below.

A. Signal-to-noise ratio

The signal 〈M̂(T )〉 is proportional to the time integral
∼ ∫ T

0 dt〈ŝz
j (t )〉 and hence picks up contributions from any

〈ŝz
j (t )〉 �= 0. Since the spins relax toward 〈ŝz

j (t → ∞)〉 =
−1/2, there will still be a signal even after the spins have
finished decaying, albeit not one that provides information
on θ . If we want the measurement to encode only the initial
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FIG. 4. (a) SNR of the measurement relative to the standard quantum limit
√

N from Eq. (31), assuming an infinitesimally small angle
θ 
 1 and homogeneous system parameters. (b) Frequency schematic for an inhomogeneous ensemble. We still use the parameters from
Table I and fix spin-resonator couplings at gj/(2π ) = 50 Hz, but randomly sample nonuniform spin frequencies δ j from a Gaussian distri-
bution with standard deviation σδ = 2π × 1 MHz, leading to nonuniform decay rates γ j = γ− + κ|gj |2/(� − δ j )2 and dispersive couplings
χ j = |gj |2/(� − δ j ). Since this sampling can lead to some spins breaking the dispersive approximation, we discard all spins with sampled
frequencies satisfying |� − δ j | � g

√
n (highlighted red region). The measurement-quality factor is λ = 4, if taking average values for these

parameters. (c) SNR for an inhomogeneous ensemble using the above approach. The SNR is calculated for 40 realizations of random spin
frequencies δ j and averaged together. (d) Difference in signal and spin noise between inhomogeneous and homogeneous parameters from
Eq. (34) for a collection time γ−T = 1. Error bars are the standard deviation for the 40 realizations of spin frequencies. For the noise, all
points with � > 0 have error bars smaller than the point size. The noise for specifically � = 0 is not shown, as it has mean >107 and standard
devitaion >108 far outside the scale of the plot.

condition of the spins, it can be useful to consider a differential
signal relative to some “reference” time evolution 〈ŝz

j,0(t )〉,

〈M̂signal(T )〉 = 8
√

n√
κ

∑
j

χ j

∫ T

0
dt
[〈

ŝz
j (t )
〉− 〈

ŝz
j,0(t )

〉]
. (29)

For example, we can consider 〈ŝz
j,0(t )〉 to be the time evo-

lution for spins starting on the equator of the Bloch sphere
〈ŝz

j,0(0)〉 = 0 as in the prior section, and seek to measure the
difference in signal that is due to the infinitesimal rotation
〈ŝz

j (0)〉 = sin(θ )/2.
The signal-to-noise ratio for measuring θ can be written as

SNR(T ) =
∣∣ ∂
∂θ

〈M̂signal(T )〉∣∣
|�M(T )| . (30)

We assume that the noise in the denominator is coming only
from the signal with θ �= 0, meaning that the reference signal
(e.g., with θ = 0) is already known and calibrated. Since we
assume an infinitesimally small θ , both the numerator and
denominator above are evaluated for θ → 0.

For homogeneous parameters, we can write an explicit
expression for this SNR:

SNR(T )√
N

= 1 − e−γ T√
(1 − e−γ T )(3 + e−γ T ) − 4e−γ T γ T + 1

λ
γ T

,

(31)

where λ = 16χ2nN/(κγ ) is our measurement-quality fac-
tor from before. In Fig. 4(a), we plot this SNR relative to
the standard quantum limit SNR = √

N . One can approach
SNR(T )/

√
N = 1 for a perfect system with λ → ∞. The

optimal integration time occurs around γ T ≈ 1 for poorer-
quality systems, but shifts to shorter times for higher-quality
ones since the signal can be acquired very quickly.

We can series expand the expression; for short times γ T 

1 and finite λ, it reads

SNR(T )√
N

=
√

λγ T + O(λ3/2γ 3/2T 3/2). (32)

If we are in the limit of an infinitely high-quality system λ →
∞, the expression expands at short times to

limλ→∞
SNR(T )√

N
= 1 − γ T

3
+ O(γ 2T 2). (33)

For λ � 1, we can also find the optimum of the full expression
to be at approximately γ T = √

3/(2λ). At this maximum, we
have SNR/

√
N ≈ 1 − √

2/(3λ).

B. Inhomogeneity effects

So far, we assumed homogeneous couplings χ j = χ and
decay rates γ j = γ . Under this assumption, one can always
improve SNR by decreasing the resonator detuning � as long
as the dispersive approximation holds. However, as discussed
in Sec. IV D, a smaller resonator detuning � ceases to be
useful even in the dispersive regime once inhomogeneities are
factored in. In practice, for hybrid-circuit-QED platforms, χ j

can be very inhomogeneous due to either broadening of spin
detunings δ j or unequal couplings g j to the resonator.

We now explicitly evaluate the effects of inhomogeneity
numerically, using the candidate experimental system broadly
described in Sec. III. We use the typical parameters from
Table I, with spin frequencies δ j randomly sampled from a
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Gaussian distribution with standard deviation σδ . Figure 4(b)
shows a schematic of the spin frequency range. We then cal-
culate both the signal [Eq. (8)] and the noise [Eq. (14) plus
Eq. (15)] for dispersive couplings χ j = |g j |2/(� − δ j ) and
decay rates γ j = γ− + κ|g j |2/(� − δ j )2 by performing the
underlying sums over j. Since a sufficiently small �/σδ � 1
can lead to some spins being near resonant and the dispersive
approximation breaking down, we discard spins j that have
|� − δ j | � g j

√
n from the calculations; this is consistent with

the expectation that such spins would decay very quickly, and
not contribute to the measurement signal. For all parameters
used, more than 99% of this spins in the ensemble are retained
under this approximation. Figure 4(c) shows the resulting
SNR as a function of both collection time T and resonator
detuning �. The calculation is repeated for 40 random re-
alizations of spin frequencies, and the plotted SNR is an
average over these realizations. The spin-resonator couplings
are still taken to be constant, g j = g for simplicity, although
in practice they can also be inhomogeneous and create further
disorder.

Figure 4(c) confirms that a too large resonator detuning
� → ∞ is unfavorable for the SNR because the dispersive
couplings vanish, χ j → 0, while the decay rates remain finite,
γ j � γ−. As a consequence, no information can be gained
before the spins decay.

In the opposite regime of a small detuning �, we find
somewhat surprisingly that the SNR drops dramatically and
rather sharply as �/σδ is decreased below an order-1 thresh-
old value. This is due to the fact that disorder leads to different
decay rates for different spins. Consider first the simpler case
of a homogeneous ensemble. As shown in Fig. 4(a), in this
case there is an optimal integration time T , with the sharp
maximum here related to the fact that all spins decay on the
same timescale. Returning to a disordered ensemble, while
inhomogeneous couplings χ j simply lead to a renormalization
of the overall prefactor

∑
j χ

2
j in the spin noise [see Eq. (15)],

sufficiently large spin-to-spin variation of the decay rates γ j

leads to something more severe: Different spins lose informa-
tion in their initial z polarization on very different timescales.
If the spins’ detunings vary by a mean value of |δ j − δ j′ | ∼ σδ ,
the decay rates γ j will cease to be homogeneous for res-
onator detuning � ∼ σδ , with a proportionality constant of
order unity. For fixed T (e.g., the optimal integration time
in a homogeneous system), many spins will have missed
their window of optimal signal acquisition, while others have
not reached it yet, leading to suboptimal signal, while spin-
projection noise continues to accrue for all spins regardless,
causing the breakdown of the SNR. We emphasize that such
a breakdown occurs much earlier than potential failure of the
dispersive approximation.

To highlight the impact of inhomogeneous system param-
eters on the SNR more clearly, we analyze the roles of signal
and noise separately. As discussed previously, inhomogeneity
implies that the observable ∼∑ j χ j〈ŝz

j (t )〉 depends not on

the true collective polarization 〈Ŝz〉 = ∑
j〈ŝz

j〉, but rather a
weighted sum. A common approach in the field is to simply
account for this effect by treating inhomogeneous ensem-
bles as homogeneous ones with a reduced effective atom
number [46], which, however, neglects the different decay

timescales. In our case, we can compute the difference in both
the signal and the noise compared to averaged homogeneous
couplings:

Errorsignal =
∣∣∣∣∣ 〈M̂(T )〉
〈M̂homog(T )〉 − 1

∣∣∣∣∣,
Errorspin noise =

∣∣∣∣ (�Mspin(T ))2

(�Mspin,homog(T ))2
− 1

∣∣∣∣. (34)

Here, 〈M̂homog(T )〉 and (�Mspin,homog(T ))2 are 〈M̂(T )〉 and
(�Mspin(T ))2, but setting all χ j ≡ χ , γ j ≡ γ , with averaged
χ = 1

N

∑
j χ j , γ = 1

N

∑
j γ j . In the limit of perfectly ho-

mogeneous parameters, both errors go to zero. Figure 4(d)
shows these errors for the same Gaussian-distributed spin
detunings. As the resonator detuning decreases below �/σδ �
1, the noise for inhomogeneous ensembles becomes orders
of magnitude stronger, leading to the decrease in SNR ob-
served for small �/σδ in Fig. 4(c). While the error of the
signal also increases in this regime, the difference is much
smaller. Note that the reason for the very sharp onset of
bad SNR in Fig. 4(c) at small � is caused by our choice
of Gaussian probability distribution for the spin frequencies,
which has an exponentially vanishing tail at high frequencies.
We abruptly see a strong effect once the resonator detuning
� enters the frequency range where most of the probabil-
ity distribution resides. Other distributions like Lorentzians
will feature a more uniform profile of SNR, though
they will still exhibit a characteristic optimum resonator
detuning.

VI. ENTANGLEMENT

Our analysis thus far has allowed identification of a regime
where spin-projection noise (�Mspin(T ))2 is higher than shot
noise (�Mshot (T ))2. The former can be reduced with an en-
tangled initial state of the spins, such as a spin-squeezed state
with smaller variance of the spin polarization. While the vari-
ance is reduced at the start of measurement, the reduction will
disappear throughout the collection time as the spins decay.
It is thus worth asking how the noise behaves for an initially
entangled sensing state. Here, we perform a general analysis,
assuming homogeneous system parameters, to see whether
entanglement can be resolved.

We still consider a Ramsey-style sensing state pointing
along the positive x axis of the Bloch sphere, i.e., 〈Ŝx(0)〉 =
N/2. Using this state, we sense perturbations along ±z by
some infinitesimal angle θ 
 1. As depicted in Fig. 5(a), this
sensing state’s phase-space distribution is initially squeezed
before the measurement is performed, e.g., via an entangling
Hamiltonian such as the all-to-all OAT interaction ĤOAT ∝
ŜzŜz. Real solid-state implementations will almost certainly
have a more complex and shorter-range Hamiltonian; we
study OAT for simplicity. Following the generation of the
entangled sensing state, the state is rotated about the x axis
such that the axis with reduced variance is aligned with the ±z
direction, with 〈(Ŝz )2(0)〉 � N/4. The improved sensitivity of
this state is determined by the Wineland squeezing parame-
ter ξ 2 = N〈(Ŝz )2(0)〉/〈Ŝx(0)〉2. We consider weakly entangled
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FIG. 5. (a) Schematic of an entangled initial spin-squeezed
state characterized by Wineland parameter ξ 2. The subsequent
variance in the integrated homodyne current will shrink (grow)
for (anti)squeezed states with ξ 2 < 1 (ξ 2 > 1) for fixed collec-
tion time T . (b), (c) Noise difference (change in variance) of the
homodyne measurement from Eq. (35), normalized by the shot
noise (�Mshot (T ))2 = T . We consider both (b) antisqueezed and
(c) squeezed states. The squeezing is reported in decibels ξ 2 (dB) =
−10log10(ξ 2). We use homogeneous system parameters from
Table I except for the spin-resonator coupling, which we fix to gj =
2π × 63 Hz, thereby setting the measurement-quality parameter to
λ = 10.

states far from the Heisenberg limit of ξ 2 = 1/N , for which
the spin contrast 〈Ŝx(0)〉 = N/2 does not appreciably decay
under the OAT Hamiltonian, thus simplifying the Wineland
parameter to just be proportional to the initial variance ξ 2 =
4〈(Ŝz )2(0)〉/N . The state is squeezed when ξ 2 < 1, and an-
tisqueezed for ξ 2 > 1; the magnitude of (anti)squeezing is
characterized by ξ 2 − 1.

The initial entanglement changes the variance of the
homodyne measurement to (�Msqz(T ))2 (for ξ 2 < 1) or
(�Manti-sqz(T ))2 (for ξ 2 > 1), which is given by (see
Appendix G for details)

(�M(anti-)sqz(T ))2 = (�M(T ))2 + δ(�M(anti-)sqz(T ))2,

δ(�M(anti-)sqz(T ))2 = λ

γ
(ξ 2 − 1)(1 − e−γ T )2. (35)

The change in noise δ(�M(anti-)sqz(T ))2 is inversely propor-
tional to our measurement-quality parameter from Eq. (21),
and proportional to the squeezing strength ξ 2 − 1. A squeezed
initial state with ξ 2 < 1 reduces the overall noise, whereas an
antisqueezed state ξ 2 > 1 would increase it instead.

To experimentally verify the preparation of an entangled
spin-squeezed state, one can perform an experiment measur-
ing the quantum noise of the state with different angles of
rotation for its phase-space distribution. Finding a decreased
variance for the specific angles at which the squeezed axis
aligns with the ±z direction, and an increased variance if the
antisqueezed axis is aligned, provides a robust demonstration
of entanglement. One would thus seek to see a difference
in variance relative to a nonentangled state. Figs. 5(b) and
5(c) plot the change in variance normalized by the shot noise
background due to an antisqueezed or squeezed state, respec-
tively. The former is much easier to observe, though it does
not directly constitute proof of entanglement on its own. The
normalized difference exhibits a maximum around γ T ≈ 1.25
in both cases, although such a timescale can be quite long for
solid-state spins with slow T1 decay rate, so one may instead
use as long a collection time as is experimentally viable.

Note that as for nonentangled initial states, one needs a
minimum number of experimental runs Nruns to resolve a
change in variance due to entanglement. Parametric condi-
tions for Nruns are provided in Appendix G.

VII. CONCLUSIONS AND OUTLOOK

We have shown that by using dispersive coupling to a res-
onator, one can measure the spin polarization of an ensemble
of solid-state spins via homodyne detection with spin-
projection-limited noise provided the measurement-quality
parameter from Eq. (21) satisfies λ � 1. For a fixed col-
lection time T , we can also explicitly determine the total
measurement variance in the presence of an initially entangled
state [Eq. (35), also valid for nonentangled states by setting
ξ 2 = 1]. Notably, our results apply to both squeezed and anti-
squeezed states.

One future outlook is to consider nondetuned resonators,
for which the dispersive approximation fails and spins decay
directly at coupling rate g j . While for strong inhomogeneous
broadening most spins will still couple dispersively, one can
engineer experiments that focus on operating with the res-
onant spins specifically. The ensuing signal from resonant
spins could in theory be collected much more quickly, perhaps
even with superradiant enhancement, although the theoretical
treatment becomes more complicated since the spin polar-
ization observable ŝz

j no longer decouples from the resonator
dynamics.

Another future avenue of research is to incorporate spin
flip-flop interactions, either direct dipole-dipole or resonator
mediated. Strong broadening suppresses such interactions,
and the analysis in this work neglects them. Nonetheless,
for very dense ensembles in frequency space, the effect of
flip-flops may become non-negligible, causing diffusion of
excitations between spins with different spin-resonator cou-
plings g j and thus changing the measured signal. One possible
approach is to coarse-grain frequency space, reducing the full
ensemble to a smaller set of larger spins living in discrete
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frequency bins, for which semiclassical or cumulant expan-
sion methods can be of use.
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APPENDIX A: DERIVATION OF DISPERSIVE MODEL

This Appendix derives the dispersive model in the main
text. We start with the bare Hamiltonian that we split into two
pieces,

Ĥ = Ĥ0 + V̂ , Ĥ0 = �â†â +
N∑

j=1

δ j ŝ
z
j,

V̂ =
N∑

j=1

(g jâ
†ŝ−

j + g∗
j âŝ+

j ). (A1)

Here, Ĥ0 is the zeroth-order Hamiltonian representing the
largest energy scale in the system, while V̂ contains couplings
that are block off-diagonal in the basis of Ĥ0. The Schrieffer-
Wolff transformation provides an effective Hamiltonian that
is block diagonal to second order in V̂ , obtained via a unitary
transformation,

ĤSW = eŜĤe−Ŝ = Ĥ + [Ŝ, Ĥ ] + 1

2!
[Ŝ, [Ŝ, Ĥ ]] + · · ·

= Ĥ0 + 1

2
[Ŝ, V̂ ] + O(||V̂ ||3), (A2)

where the simplification in the second line is introduced by the
Schrieffer-Wolff generator Ŝ that has been chosen to satisfy

V̂ + [Ŝ, Ĥ0] = 0. (A3)

It is straightforward to check that the above equation is ful-
filled by

Ŝ =
N∑

j=1

1

� − δ j
(g jâ

†ŝ−
j − g∗

j âŝ+
j ). (A4)

Using this generator, the second-order contribution in the ef-
fective Hamiltonian ĤSW reads

1

2
[Ŝ, V̂ ]

= 1

2

N∑
j, j′=1

1

� − δ j
[g jâ

†ŝ−
j − g∗

j âŝ+
j , g j′ â

†ŝ−
j′ + g∗

j′ âŝ+
j′ ]

= −2â†â
N∑

j=1

|g j |2
� − δ j

ŝz
j −

N∑
j=1

|g j |2
� − δ j

ŝz
j

− 1

2

N∑
j, j′=1

1

� − δ j
(g∗

jg j′ ŝ
+
j ŝ−

j′ + g jg
∗
j′ ŝ

−
j ŝ+

j′ ). (A5)

Combining this with the zeroth-order Ĥ0 gives us the effective
Hamiltonian

ĤSW = �â†â +
N∑

j=1

(
δ j − |g j |2

� − δ j

)
ŝz

j − 2â†â
N∑

j=1

|g j |2
� − δ j

ŝz
j

− 1

2

N∑
j, j′=1

1

� − δ j
(g∗

jg j′ ŝ
+
j ŝ−

j′ + g jg
∗
j′ ŝ

−
j ŝ+

j′ ). (A6)

Now, we make the observation that the last term is a flip-
flop interaction. In a rotating frame defined by Ĥ0, we have
ŝ−

j → ŝ−
j eiδ j t , causing matrix elements with j �= j′ to pick

up time-dependent phases ∼ei(δ j−δ′
j )t . If the coupling matrix

element ∼|g∗
jg j′/(� − δ j )| is much smaller than the rotation

rate |δ j − δ j′ |, it is rotated out and can thus be neglected.
For an inhomogeneously broadened ensemble, |δ j − δ j′ | is
on the order of the ensemble frequency width σδ on aver-
age, meaning most spins are far apart in frequency provided
σδ � |g∗

jg j′/(� − δ j )|. Assuming we are in this regime, to
lowest order we thus drop all flip-flop interactions with j �=
j′. The remaining terms with j = j′ are a constant shift
ŝ+

j ŝ−
j + ŝ−

j ŝ+
j ∼ 1 and can also be omitted. The Hamiltonian

reduces to

ĤSW = �â†â +
N∑

j=1

(
δ j − |g j |2

� − δ j

)
ŝz

j

− 2â†â
N∑

j=1

|g j |2
� − δ j

ŝz
j + (const). (A7)

If there was no disorder in g j and δ j , the flip-flop couplings
would not rotate out. The last term in Eq. (A6) would con-
tribute a well-known OAT interaction (

∑N
j=1 ŝ j

z )2, which is
important for squeezing generation. Here, this effect is sup-
pressed by the disorder. All we have remaining is a single-spin
energy shift and the dispersive coupling. We next argue that
the perturbative correction to the single-spin shift δ j can also
be neglected, since it is much smaller and the δ j are already
random, which simplifies further to

ĤSW ≈ �â†â +
N∑

j=1

δ j ŝ
z
j − 2â†â

N∑
j=1

|g j |2
� − δ j

ŝz
j . (A8)
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We can also apply the unitary transformation to the dissi-
pators. The resonator lowering operator becomes

â → eŜâe−Ŝ ≈ â + [Ŝ, â]

= â +
N∑

j=1

1

� − δ j
[g jâ

†ŝ−
j − g∗

j âŝ+
j , â]

= â −
N∑

j=1

g j

� − δ j
ŝ−

j . (A9)

The resonator loss dissipator takes the form of

κD[â]ρ → κD

⎡
⎣â −

N∑
j=1

g j

� − δ j
ŝ−

j

⎤
⎦ρ. (A10)

Expanding this out yields

κD

⎡
⎣â −

N∑
j=1

g j

� − δ j
ŝ−

j

⎤
⎦ρ

= κ

(
âρâ† − 1

2
â†âρ − 1

2
ρâ†â

)

− κ

N∑
j=1

g j

� − δ j

(
ŝ−

j ρâ† − 1

2
â†ŝ−

j ρ − 1

2
ρâ†ŝ−

j

)

− κ

N∑
j=1

g∗
j

� − δ j

(
âρ ŝ+

j − 1

2
ŝ+

j âρ − 1

2
ρ ŝ+

j â

)

+ κ

N∑
j, j′=1

g jg∗
j′

(� − δ j )(� − δ j′ )

×
(

ŝ−
j ρ ŝ+

j′ − 1

2
ŝ+

j; ŝ
−
j ρ − 1

2
ρ ŝ+

j′ ŝ
−
j

)
. (A11)

We once again observe that in a rotating frame defined by Ĥ0,
we have â → âei�t and ŝ−

j → ŝ−
j eiδ j t . The cross terms (sec-

ond and third line) pick up phases ∼ei(�−δ j )t , and thus rotate
out provided |κg j/(� − δ j )| 
 |� − δ j |, which is generi-
cally true for large enough resonator detuning �. The last
term picks up a phase ∼ei(δ j−δ j′ )t , which as before is compa-
rable to the broadening width σδ on average. Provided this
broadening width is much larger than the matrix element
|κg jg j′/(� − δ j )(� − δ j′ )| 
 σδ , cross terms with j �= j′ can
be dropped, leaving us with

κD

⎡
⎣â −

N∑
j=1

g j

� − δ j
ŝ−

j

⎤
⎦ρ

= κ

(
âρâ† − 1

2
â†âρ − 1

2
ρâ†â

)

+ κ

N∑
j=1

|g j |2
(� − δ j )2

(
ŝ−

j ρ ŝ+
j − 1

2
ŝ+

j ŝ−
j ρ − 1

2
ρ ŝ+

j ŝ−
j

)

= κD[â]ρ +
N∑

j=1

κ|g j |2
(� − δ j )2

D[ŝ−
j ]ρ. (A12)

This is essentially the original single-photon loss, and a per-
turbative spin T1 relaxation. The relaxation is single spin
only—the cancellation of the cross terms has suppressed the
collective nature of the resonator-assisted loss, thus mitigating
an N-dependent superradiant enhancement of the associated
decay rate.

We can also look at the intrinsic loss of the spins, whose
operators transform into

ŝ−
j → ŝ−

j − g∗
j

� − δ j
[âŝ+

j , ŝ−
j ] = ŝ−

j − 2g∗
j

� − δ j
âŝz

j . (A13)

Similar to above, after going into the rotating frame and drop-
ping fast-rotating terms this approximately leads to intrinsic
loss dissipators,

γ−
N∑

j=1

D[ŝ−
j ]ρ → γ−

N∑
j=1

D[ŝ−
j ]ρ −

N∑
j=1

4γ−|g j |2
(� − δ j )2

D
[
âŝz

j

]
ρ.

(A14)

For the purposes of dispersive measurement, we can neglect
the second term, since it conserves the polarization of each
spin 〈ŝz

j〉, and does not strongly affect the resonator field
because it is a weak correction to the raw resonator decay rate
κ . The final dispersive model we get is thus

ĤSW = �â†â +
N∑

j=1

δ j ŝ
z
j − 2â†â

N∑
j=1

χ j ŝ
z
j,

d

dt
ρ = −i[ĤSW, ρ] + κD[â]ρ +

N∑
j=1

γ jD[ŝ−
j ]ρ, (A15)

where the coefficients are

χ j = |g j |2
� − δ j

, γ j = γ− + κ|g j |2
(� − δ j )2

. (A16)

This is the model reported in the main text.
As a final comment, our treatment assumes the spin de-

tunings δ j to be distributed over a wide enough range of
frequencies δ j (e.g., on the order of ∼1 MHz linewidth) that
any two individual spins are too far in frequency to have
resonator-mediated interactions or decay. It is for this same
reason that we assume the perturbation theory to be valid
when the single-spin coupling is small compared to the detun-
ing, |g j |

√
n 
 |� − δ j |, without any collective enhancement

proportional to the number of spins N . For a sufficiently large
N , each spin may have a few neighbours close enough in
frequency space that this assumption does not hold. The domi-
nant effect of a few spins close in frequency is an enhancement
of Purcell decay rate. Instead of a full N-fold amplification,
having 2–3 neighbours implies a 2–3 times faster Purcell rate.
For the parameter regimes, we are interested in, such ampli-
fication will not change the overall outcome. Some amount
of resonator-mediated flip-flop spin-spin interactions will also
not affect our results, since the rates will be too slow to change
the measurement outcome.

023331-13



MIKHAIL MAMAEV et al. PHYSICAL REVIEW RESEARCH 8, 023331 (2026)

APPENDIX B: INTEGRATED HOMODYNE QUADRATURE

In this Appendix, we derive our integrated homodyne mea-
surement. We start with the dispersive model, and work in
a frame rotating at the resonator frequency, thus taking â →
ei�t â. This removes the detuning Hamiltonian term �â†â, but
leaves all other Hamiltonian terms and dissipators unchanged
since we are already in the dispersive regime. The resulting
model reads

ĤSW =
∑

j

δ j ŝ
z
j − 2â†âS̃z,

d

dt
ρ = −i[ĤSW, ρ] + κD[â]ρ +

∑
j

γ jD[ŝ−
j ]ρ, (B1)

where we have written

S̃z =
∑

j

χ j ŝ
z
j (B2)

as the sum of the spin population operators weighted by their
coupling to the resonator.

We next write the Langevin equation of motion for the
resonator field under standard input-output theory, assuming
the resonator is driven by an input field âin (e.g., a microwave
signal driving the resonator), and that the resonator is overcou-
pled (i.e., the coupling to the driven mode κc is approximately
equal to total loss κ from the resonator),

d

dt
â = −i[ĤSW, â] + κ

(
â†ââ − 1

2
{â†â, â}

)

+
∑

j

γ j

(
ŝ+

j âŝ−
j − 1

2
{ŝ+

j ŝ−
j , â}

)
− √

κ âin

= −κ

2
â + 2iS̃zâ − √

κ âin. (B3)

We assume the input field is a coherent drive resonant with the
resonator frequency,

âin = αin + ξ̂ , (B4)

where αin the amplitude of the coherent state and ξ̂ a white-
noise-distributed field characterizing its quantum fluctuations.
We also assume that the resonator field is mostly in a coherent
state of amplitude α itself, and expand about that coherent
state via

â = α + b̂, (B5)

where b̂ characterizes quantum fluctuations. The equation of
motion for the resonator fluctuations b̂ reads

d

dt
b̂ = −κ

2
b̂ + 2iS̃zb̂ + 2iαS̃z − √

κξ̂ +
(
−κ

2
α − √

καin

)
.

(B6)

Since b̂ characterizes small fluctuations and S̃z is also con-
sidered to be a small parameter as it contains the dispersive
couplings χ j , we neglect the coupling term 2iS̃zb̂ for sim-
plicity (it can also be retained in the treatment, but will only
provide a small correction). We also solve for the coherent
field strength in the resonator by setting the last term in

brackets to zero, which yields

α = −2αin√
κ

. (B7)

This assumes the resonator field follows the drive. The
Langevin equation simplifies to

d

dt
b̂ = −κ

2
b̂ − 4iαin√

κ
S̃z − √

κξ̂ . (B8)

This equation can be solved to yield

b̂(t ) = e− κ
2 (t−t0 )b̂(t0) + e− κ

2 (t−t0 )
∫ t

t0

dτe
κ
2 (τ−t0 )

×
[
−4iαin√

κ
S̃z(τ ) − √

κξ̂ (τ )

]
. (B9)

We assume the dynamics of interest occurs at times much
longer than the timescale of transient resonator dynamics
∼1/κ , meaning t − t0 � 1/κ (i.e., we ignore the resonator
ring-up time when the microwave drive is first turned on).
Hence, we take t0 → −∞ and omit the first term involving
the initial condition.

We also assume the resonator decay rate κ is much faster
than the spin dynamics timescales, thus S̃z(τ ) will change
on a much slower timescale than ∼1/κ . The corresponding
contribution to the integral is effectively weighted by a factor
∼e− κ

2 (t−τ ), meaning that only contributions from τ � t on a
timescale of ∼1/κ will meaningfully have an effect. Since
S̃z(τ ) varies slowly on this timescale, we assume it to be con-
stant and replace it by S̃z(τ ) ≈ S̃z(t ). The same approximation
is made for the white noise of the drive, approximating ˆξ (τ ) ≈
ξ̂ (t ), which assumes that κ � |ξ̇ (t )|. Under these simplifying
assumptions the integral can be evaluated explicitly,

b̂(t ) = −8iαin

κ3/2
S̃z(t ) − 2

ξ̂ (t )√
κ

. (B10)

Under the input-output formalism, we can now obtain the
outgoing field reflecting from the resonator (still assuming an
overcoupled system κc ≈ κ),

âout (t ) = âin(t ) + √
κ â(t ) = −8iαin

κ
S̃z(t ) − αin − ξ̂ (t ).

(B11)

We assume that the incoming field coherent amplitude is set
by

αin = i
√

ṅ, (B12)

where ṅ is the average incoming photon flux (〈â†
inâin〉 = ṅ).

The factor i determines which quadrature of the outgoing res-
onator field we will need to measure via homodyne detection
(i.e., âout + â†

out versus âout − â†
out). We can also write this field

strength in terms of the mean resonator photon number n; the
relation between the two can be inferred from Eq. (B7), which
yields

n = 〈â†â〉 = |α|2 = 4|αin|2
κ

= 4ṅ

κ
. (B13)
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The output field then reads

âout (t ) = 4
√

n√
κ

S̃z(t ) − i

2

√
κn − ξ̂ (t ). (B14)

We measure a time-integrated homodyne current obtained by
integrating the quadrature Îout = âout + â†

out,

M̂(T ) =
∫ T

0
dt Îout (t )

=
∫ T

0
dt

[
8
√

n√
κ

S̃z(t ) + (ξ̂ (t ) + ξ̂ †(t ))

]
. (B15)

Taking expectation values and assuming ξ̂ (t ) to be white-
noise distributed with 〈ξ̂ (t )〉 = 0, we get

〈M̂(T )〉 = 8
√

n√
κ

∫ T

0
dt〈S̃z(t )〉. (B16)

This is the signal we seek to measure.
The quantum noise about the signal is given by

(�M(T ))2 = 〈M̂(T )2〉 − 〈M̂(T )〉2

=
〈(∫ T

0
dt

[
8
√

n√
κ

S̃z(t ) + (ξ̂ (t ) + ξ̂ †(t ))

])2〉

−
(

8
√

n√
κ

)2[∫ T

0
dt〈S̃z(t )〉

]2

= 64n

κ

[∫ T

0
dt
∫ T

0
dt ′〈S̃z(t )S̃z(t ′)〉

−
(∫ T

0
dt〈S̃z(t )〉

)2
]

+ 16
√

n√
κ

∫ T

0
dt
∫ T

0
dt ′〈S̃z(t )[ξ̂ (t ′) + ξ̂ †(t ′)]〉

+
∫ T

0
dt
∫ T

0
dt ′(〈ξ̂ (t )ξ̂ (t ′)〉 + 〈ξ̂ (t )ξ̂ †(t ′)〉

+ 〈ξ̂ †(t )ξ̂ (t ′)〉 + 〈ξ̂ †(t )ξ̂ †(t ′)〉). (B17)

Since ξ̂ (t ) is white-noise distributed, 〈ξ̂ (t )〉 = 0 and
〈ξ̂ (t )ξ̂ †(t ′)〉 = δ(t − t ′) with all other correlators zero. This
lets us drop the second line and evaluate the integral on the
third line of the last equation, yielding

(�M(T ))2 = 64n

κ

[∫ T

0
dt
∫ T

0
dt ′〈S̃z(t )S̃z(t ′)〉

−
(∫ T

0
dt〈S̃z(t )〉

)2
]

+ T . (B18)

We identify contributions from spin noise and shot noise:

(�M(T ))2 = (�Mspin(T ))2 + (�Mshot (T ))2, (B19)

each given by

(�Mspin(T ))2 = 64n

κ

N∑
j, j′=1

χ jχ j′

∫ T

0
dt
∫ T

0
dt ′

× [〈
ŝz

j (t )ŝz
j′ (t

′)
〉− 〈

ŝz
j (t )
〉〈

ŝz
j′ (t

′)
〉]
,

(�Mshot (T ))2 = T, (B20)

where we have reinserted S̃z(t ) = ∑
j χ j (t ).

APPENDIX C: SPIN DYNAMICS AND SNR UNDER T1 DECAY

In this Appendix, we analytically solve the dynamics of spin population under T1 decay (including two-time correlations), and
use this to obtain analytic expressions for the SNR. The Heisenberg equations of motion for the spin population and correlator
observables under the dispersive model are

d

dt
ŝz

j = −γ j

2

(
1̂ + 2ŝz

j

)
,

d

dt
ŝz

j ŝ
z
j′ =

{
−(γ j + γ j′ )ŝz

j ŝ
z
j′ − γ j

2 ŝz
j′ − γ j′

2 ŝz
j, j �= j′,

0, j = j′.
(C1)

These equations can be solved explicitly:

〈
ŝz

j (t )
〉 = −1

2
+ e−γ j t

2

(
1 + 2

〈
ŝz

j (0)
〉)
,

〈
ŝz

j (t )ŝz
j′ (t )

〉 =
{

e−(γ j+γ j′ )t
〈
ŝz

j ŝ
z
j′ (0)

〉− e−γ j t

2 (1 − e−γ j′ t )
〈
ŝz

j (0)
〉− e

−γ j′ t

2 (1 − e−γ j t )
〈
ŝz

j′ (0)
〉

j �= j′,+ 1
4 (1 − e−γ j t )(1 − e−γ j′ t ),

1
4 , j = j′.

(C2)

To compute the variance, we also need two-time correlators. For this, we must invoke the quantum regression theorem that
provides a new differential equation for two-time two-point correlators from the one-point equation:

d

dτ

〈
ŝz

j (t )ŝz
j′ (t + τ )

〉 = −γ j′

2

(〈
ŝz

j (t )
〉+ 2

〈
ŝz

j (t )ŝz
j′ (t + τ )

〉)
, τ � 0. (C3)
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We insert the first line of Eq. (C2) into Eq. (C3), use the second line of Eq. (C2) as the initial condition (for τ = 0), solve the
equation, and then replace τ = t ′ − t (keeping in mind that we thus assume t ′ � t). This yields

〈
ŝz

j (t )ŝz
j′ (t

′)
〉 =

{
e−(γ j t+γ j′ t ′ )〈ŝz

j ŝ
z
j′ (0)

〉+ e−γ j t

2 (1 − e−γ j′ t ′
)
〈
ŝz

j (0)
〉+ e

−γ j′ t ′

2 (1 − e−γ j t )
〈
ŝz

j′ (0)
〉

j �= j′,+ 1
4 (1 − e−γ j t )(1 − e−γ j′ t ′

),
1
2

(〈
ŝz

j (0)
〉+ 1

2

)(
e−γ j t ′ − e−γ j t

)+ 1
4 , j = j′.

(C4)
We can also write the connected portion of the correlator:

〈
ŝz

j (t )ŝz
j′ (t

′)
〉− 〈

ŝz
j (t )
〉〈

ŝz
j (t

′)
〉 =

⎧⎨
⎩

e−(γ j t+γ j′ t ′ )(〈ŝz
j ŝ

z
j′ (0)

〉− 〈
ŝz

j (0)
〉〈

ŝz
j′ (0)

〉)
, j �= j′,

−(〈ŝz
j (0)

〉+ 1
2

)2
e−γ j (t+t ′ ) + (〈

ŝz
j (0)

〉+ 1
2

)
e−γ j t ′

, j = j′.
(C5)

Unsurprisingly, the connected correlator vanishes for j �= j′ if we start in a separable state 〈ŝz
j ŝ

z
j′ (0)〉 = 〈ŝz

j (0)〉〈ŝz
j′ (0)〉.

We can now integrate the observables. The one-point observable is∫ T

0
dt
〈
ŝz

j (t )
〉 = 1

γ j

(〈
ŝz

j (0)
〉+ 1

2

)
(1 − e−γ j T ) − T

2
. (C6)

For the two-point observable, we are integrating over both t and t ′ equally, but the two-point correlator requires t ′ � t . To keep
our expressions valid, for the region of integration with t ′ < t we must make the exchange t ↔ t ′ and j ↔ j′ in the integrand.
Performing the integration yields∫ T

0
dt
∫ T

0
dt ′[〈ŝz

j (t )ŝz
j′ (t

′)
〉− 〈

ŝz
j (t )
〉〈

ŝz
j′ (t

′)
〉]

=
{ 1

γ jγ j′
(1 − e−γ j T )(1 − e−γ j′ T )

(〈
ŝz

j ŝ
z
j′ (0)

〉− 〈
ŝz

j (0)
〉〈

ŝz
j′ (0)

〉)
, j �= j′,

1
γ 2

j

(〈
ŝz

j (0)
〉+ 1

2

)[
2(1 − e−γ j T ) − 2e−γ j T γ jT − (〈

ŝz
j (0)

〉+ 1
2

)
(1 − e−γ j T )2

]
, j = j′.

(C7)

For a separable initial state 〈ŝz
j ŝ

z
j′ (0)〉 = 〈ŝz

j (0)〉〈ŝz
j′ (0)〉, only contributions to the variance from j = j′ are nonzero. Under this

assumption, we can explicitly write the spin noise contribution to the SNR of our measurement:

(�Mspin(T ))2 = 64n

κ

∑
j

χ2
j

∫ T

0
dt
∫ T

0
dt ′[〈ŝz

j (t )ŝz
j (t

′)
〉− 〈

ŝz
j (t )
〉2]

(separable initial state)

= 64n

κ

∑
j

χ2
j

γ 2
j

(〈
ŝz

j (0)
〉+ 1

2

)[
2(1 − e−γ j T ) −

(〈
ŝz

j (0)
〉+ 1

2

)
(1 − e−γ j T )2 − 2e−γ j T γ jT

]
. (C8)

APPENDIX D: ON THE DISTRIBUTION OF SPIN-PHOTON
COUPLING ENERGIES

In the sample experimental implementation described in
Sec. III, for the setup in Fig. 2, the magnetic field distribution
of the superconducting wire inductor has a spatial dependence
μ0J/2 that gives rise to a spatial inhomogeneity in single-
spin-resonator coupling energy. This inhomogeneity is shown
in Figs. 6 and 7; Fig. 6 shows the spatial dependence of
the coupling, and Fig. 7 shows a histogram of the resulting

FIG. 6. Spatial distribution of spin-resonator couplings for the
architecture presented in Fig. 2. The spectral distribution of the
couplings is presented in Fig. 7.

coupling strengths. To obtain the coupling distribution, we
integrate the spin density over the resonator’s mode volume.
For spins located at depths into the diamond much smaller
than the width of the wire (d 
 w), the current-carrying wire
(with current density J) appears as a semi-infinite sheet. This
gives rise to a nearly uniform field entirely along the x axis,
defined as Bx = μ0J

2 , where μ0 is the vacuum permeability.
For spins located beside the wire, the x component of the
magnetic field is essentially negligible. Finally, sufficiently far

FIG. 7. Histogram of single-spin-resonator coupling energies for
spins within resonator mode volume.
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away from the wire, the field is well approximated by that
of a standard line current and drops off as 1/r. Combining
these spatial regimes explains the features in Fig. 7: The high-
coupling peak corresponds to the uniform field region near
the wire surface, while the lower-coupling tail reflects the 1/r
decay at depth.

APPENDIX E: PHASE NOISE

Here, we analyze the impact of phase noise on our pro-
tocol, either in the resonator itself or in driving the resonator
with a microwave signal generator. Suppose that our resonator
lowering operator has a phase that fluctuates in time,

â → âeiφ(t ), (E1)

where φ(t ) is a random phase with zero mean and Gaussian
temporal correlations [44,47]. For simplicity, we consider a
noise process with a Lorentzian noise spectrum, for which
classical averages of this phase factor can be written explicitly
as

〈φ̇(t )φ̇(t ′)〉classical = �Lγce−γc|t−t ′|, 〈φ̇(t )〉classical = 0, (E2)

where �L is the Lorentzian width of the resonator phase
noise (i.e., the characteristic frequency width of its phase
noise spectrum) and γc the noise correlation time. In the
white-noise limit γc → ∞, we have 〈φ̇(t )φ̇(t ′)〉classical ≈
2�Lδ(t − t ′).

We can go into a frame rotating at this new adjusted fre-
quency by making a unitary transformation,

Û (t ) = eiφ(t )â†â, (E3)

which gets rid of the phase dependence in the resonator anni-
hilation operator. The usual price we pay is an extra term in
the Hamiltonian,

−iÛ †(t )
d

dt
Û (t ) = φ̇(t )â†â, (E4)

i.e., a fluctuating resonator frequency.
The Langevin equation for our measurement scheme [from

Eq. (B3)] with the addition of this new Hamiltonian term
becomes

d

dt
â =

[
−κ

2
− iφ̇(t )

]
â + 2iS̃zâ − √

κ âin. (E5)

We proceed to solve this equation in the same way as the pre-
vious sections: expand both the incoming field âin = αin + ξ̂

and the resonator field â = α + b̂, ignore resonator ring-up
time to omit contributions from initial conditions, and assume
the resonator and drive coherent amplitudes are locked via

α = −
√

καin
κ
2 + iφ̇(t )

(E6)

in analogy to Eq. (B7) but containing the extra contribution
from the phase-noise term. This assumption implies that the
timescale for phase noise fluctuations is much slower than the
resonator decay rate,

κ � |φ̇(t )|. (E7)

The formal solution for the resonator fluctuations b̂(t ) then
reads

b̂(t ) =
∫ t

−∞
dτe− κ

2 (t−τ )−i[φ(t )−φ(τ )]

×
[
− 2i

√
καin

κ
2 + iφ̇(τ )

S̃z(τ ) − √
κξ̂ (τ )

]
. (E8)

Still working under the assumption κ � |φ̇(t )|, we can
approximate φ(τ ) ≈ φ(t ) in the integrals. As before, we may
do the same for the spin dynamics S̃z(τ ) ≈ S̃z(t ) and the white
noise of the drive ξ̂ (τ ) ≈ ξ̂ (t ). The only τ dependence is
thus in the exponential, and hence we can do the integral
analytically,

b̂(t ) = 2

κ

[
− 2i

√
καin

κ
2 + iφ̇(t )

S̃z(t ) − √
κξ̂ (t )

]
. (E9)

Under the input-output formalism, as before we calculate the
outgoing field,

âout (t ) = âin(t ) + √
κ â(t ) = −1 − 2iφ̇(t )

κ

1 + 2iφ̇(t )
κ

αin

− 4iαin
κ
2 + iφ̇(t )

S̃z(t ) − ξ̂ (t ). (E10)

We next write the incoming field coherent amplitude in terms
of the resonator photon number n,

αin = i
√

κn

2
, (E11)

with which the output field becomes

âout (t ) = − i

2

1 − 2iφ̇(t )
κ

1 + 2iφ̇(t )
κ

√
κn + 2

√
κn

κ
2 + iφ̇(t )

S̃z(t ) − ξ̂ (t ).

(E12)

The integrated homodyne quadrature is

M̂(T ) =
∫ T

0
dt (âout (t ) + â†

out (t ))

=
∫ T

0
dt

[
4κ3/2

√
n

κ2 + 4φ̇2(t )
(2S̃z(t ) − φ̇(t )) + (ξ̂ (t )

+ ξ̂ †(t ))

]
, (E13)

whose expectation value is the same as the outcome without
phase noise,

〈M̂(T )〉 = 8
√

n√
κ

∫ T

0
dt〈S̃z(t )〉, (E14)

under the assumption that the phase noise has zero mean
derivative φ̇(t ) = 0, as do the quantum fluctuations in the shot
noise 〈ξ̂ (t )〉 = 0. We also dropped the φ̇2(t ) in the denomina-
tor since we still assume a fast resonator loss κ � |φ̇(t )|.

023331-17



MIKHAIL MAMAEV et al. PHYSICAL REVIEW RESEARCH 8, 023331 (2026)

The quantum noise about the signal is given by

(�M(T ))2 = 〈M̂2(T )〉 − 〈M̂(T )〉2

= 16n

κ

∫ T

0
dt
∫ T

0
dt ′[4〈S̃z(t )S̃z(t ′)〉

− 4〈S̃z(t )〉φ̇(t ′) + φ̇(t )φ̇(t ′)] + β2T

− 16n

κ

[∫ T

0
dt (−2〈S̃z(t )〉 + φ̇(t ))

]2

. (E15)

In writing this expression, we again dropped all cross terms
involving 〈ξ̂ (t )〉 = 0, dropped terms involving φ̇2(t ) in the de-
nominators, and used the two-point correlator 〈ξ̂ (t )ξ̂ †(t ′)〉 =
δ(t − t ′), with all other correlators zero since ξ̂ (t ) is white-
noise distributed. To evaluate the integrals involving the phase
noise contributions, we can now perform a classical average
via Eq. (E2), which yields

(�M(T ))2

= 64n

κ

∫ T

0
dt
∫ T

0
dt ′[〈S̃z(t )S̃z(t ′)〉 − 〈S̃z(t )〉〈S̃z(t ′)〉]

+
(

1 + 32n�L

κ

)
T . (E16)

The first term is the spin noise, while the second term in
brackets is the shot noise. We see that the leading-order ef-
fect of the phase noise is to thus increase the shot noise by
T → (1 + 32n�L/κ )T . The measurement-quality parameter
λ thus inherits this factor and becomes

λ → λ

1 + 32n�L
κ

. (E17)

APPENDIX F: FINITE NUMBER
OF EXPERIMENTAL RUNS

Here, we explore the effects of a finite number Nruns

of experimental runs. If the goal is simply to show that a
measurement is spin-projection-noise limited, the first task
is to demonstrate that (�Mspin(T ))2 > (�Mshot (T ))2. The
total measurement variance (�M(T ))2 discussed thus far
is a total variance assuming an infinite number of exper-
imental runs. A real experiment with data from a finite
number Nruns of experimental runs will instead have a
sample variance (�Msample(T ))2 that may differ from the
true (�M(T ))2. For a Gaussian distributed random vari-
able, the average difference between the true and sample
variance will scale as E[|(�M(T ))2 − (�Msample(T ))2|] ∼
(�M(T ))2/

√
Nruns. To distinguish the presence of addi-

tional noise caused by the spins above the shot noise
(�Mspin(T ))2 = (�M(T ))2 − (�Mshot (T ))2, thus signifying
a measurement is spin-projection resolved, the difference be-
tween sample and true variance must be smaller than this
additional noise. Mathematically, to see the spin noise, we
must have

(�M(T ))2

√
Nruns

� (�Mspin(T ))2. (F1)

For homogeneous parameters, this condition simplifies to

Nruns �
(

1 + 1

λ

γ T

(1 − e−γ T )(3 + e−γ T ) − 4e−γ T γ T

)2

.

(F2)

At short times γ T 
 1 and λ � 1, we can expand this
expression to find

Nruns � 1 + 1

λ2γ 2T 2
+ 2

λγ T
+ O

(
γ T,

1

λ

)
, (F3)

where all terms proportional to 1/λ or γ T (but not the ratio
of the two) are dropped. We observe from this power series
that there is a natural competition between the dimensionless
λ and the evolution time γ T under T1 decay.

We may also numerically optimize the full expression
[Eq. (F2)] to find that the optimal collection time is γ T ≈ 2.1,
independent of λ. The number of runs at this optimal time is
Nruns ≈ (1 + 1.2

λ
)2.

Since each experimental run involves a collection time T ,
if the time needed to reset the experiment is short compared
to T , we may instead seek to minimize the product NrunsT
(i.e., the overall experimental time over all shots). In this
case, the optimal collection time now depends on λ. For
λ � 1, the optimal time approximately satisfies the simple
relation γ T ≈ 1

λ
; the measurement-quality parameter directly

sets how long to measure. However, real experiments may
have other constraints that limit T to shorter timescales—In
this case, the general expression for Nruns may be used.

APPENDIX G: ENTANGLED INITIAL STATE

1. Difference in variance due to entanglement

In this Appendix, we consider the performance of the mea-
surement protocol for a nonseparable entangled initial state,
such as a spin-squeezed state. In particular, suppose we start
with all spins in +x, and perform an entangling unitary with a
OAT Hamiltonian for an entangling time tsqz:

|ψsqz〉 = e−itsqzĤOAT
∏

j

1√
2

(|↑〉 j + |↓〉 j ),

ĤOAT = 1

N

∑
j, j′

ŝz
j ŝ

z
j′ . (G1)

The entangling time tsqz is assumed to absorb the energy unit
of the interaction Hamiltonian prefactor for simplicity. We
also normalize the interaction by 1/N so it is extensive in
energy. The maximal and minimal variances V+ and V− of the
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resulting spin phase space distribution are given by [5]

V± = N

4
+ N

16
(N − 1)

⎡
⎣1 − cosN−2

(
2tsqz

N

)
±
√(

1 − cosN−2

(
2tsqz

N

))2

+ 16 sin2

(
tsqz

N

)
cos2N−4

(
tsqz

N

)⎤⎦

= N

4
+ N

8

(
t2
sqz ± tsqz

√
4 + t2

sqz

)+ O
(

t2
sqz,

1

N

)
. (G2)

Hereafter, for simplicity, we will assume that the amount of
squeezing generated is small, i.e., we assume that the entan-
gling time does not scale with N . For OAT, optimal squeezing
occurs at tsqz ∼ N1/3; we will consider tsqz much smaller than
this. After the entangling step, the spins are rotated by another
unitary |ψsqz,θsqz〉 = e−iθsqz Ŝx |ψsqz〉 with an angle θsqz such that
〈ψsqz,θsqz | ŜzŜz |ψsqz,θsqz〉 = V− (if we study a squeezed state) or
〈ψsqz,θsqz | ŜzŜz |ψsqz,θsqz〉 = V+ (for an antisqueezed state). The
spin contrast of the state is given by

〈
ψsqz,θsqz

∣∣ Ŝx
∣∣ψsqz,θsqz

〉 = N

2
cosN−1

(
tsqz

N

)
= N

2
+ O

(
t2
sqz

)
.

(G3)

For weak squeezing, the Wineland squeezing parameter is
then just proportional to the variance,

ξ 2 = N

〈
ψsqz,θsqz

∣∣ ŜzŜz
∣∣ψsqz,θsqz

〉
〈
ψsqz,θsqz

∣∣ Ŝx
∣∣ψsqz,θsqz

〉 ≈ 4
〈
ψsqz,θsqz

∣∣ ŜzŜz
∣∣ψsqz,θsqz

〉
N

.

(G4)

The spin contributions to the noise of our measurement
protocol contain an extra term [ j �= j′ term on last line of
Eq. (C7)] that encodes a nonseparable initial state. For homo-
geneous system parameters and the squeezed state described
above, we can write this extra contribution as

δ(�Msqz(T ))2 = (ξ 2 − 1)
16Nnχ2

κγ 2
(1 − e−γ T )2. (G5)

The overall variance of the measurement with the entangled
state is then (assuming N � 1)

(�Msqz(T ))2

= 64Nnχ2

κγ 2

[
1 − e−γ T − e−γ T γ T − 1

4
(1 − e−γ T )2

]

+ T + δ(�Msqz(T ))2. (G6)

2. Finite number of experimental runs

We now again consider an experiment with a finite
number of runs Nruns, which only has a sample variance

for each collection time T rather than the true vari-
ance. We can again write an analytic condition for the
number of experimental runs needed to resolve the dif-
ference in variance δ(�Msqz(T ))2 due to entanglement.
This time we require the average difference in true and
sample variance, E[|(�Msqz(T ))2 − (�Msqz,sample(T ))2|] ∼
(�Msqz(T ))2/

√
Nruns, to be smaller than the change in vari-

ance due to entanglement δ(�Msqz(T ))2:

(�Msqz(T ))2

√
Nruns

� δ(�Msqz(T ))2. (G7)

This condition yields a minimum number of experimental
runs needed to see the effects of entanglement:

Nruns

�
(

1 + 4
[
1 − e−γ T − e−γ T γ T − 1

4 (1 − e−γ T )2
]+ 1

λ
γ T

(ξ 2 − 1)(1 − e−γ T )2

)2

.

(G8)

In the limit ξ 2 → ∞, the requirement reduces to Nruns � 1 as
an infinitely large increase in variance can be resolved with a
single run. The condition can also be expanded at short times
to yield

Nruns �

⎛
⎝1 +

1
λγ T + 1

λ
+ 1 + 8+ 5

λ

12 γ T

ξ 2 − 1

⎞
⎠

2

+ O(γ 2T 2).

(G9)

The above function has a minimum at

γ Tmin = 2
√

3√
8λ + 5

, (G10)

which indicates an optimal time at which the num-
ber of needed experimental runs is minimized. As
before, however, an experiment may face practical
timescale constraints restricting the integration time to
γ T 
 1, in which case one may use Eq. (G8) to determine
the minimum amount of experimental shots that will be
needed.
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