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An attractive approach for stabilizing entangled many-body spin states is to employ engineered
dissipation. Most existing proposals either target relatively simple collective spin states or require
numerous independent and complex dissipative processes. Here, we show a surprisingly versatile scheme
for many-body reservoir engineering that relies solely on fully collective single-excitation decay,
augmented with local Hamiltonian terms. Crucially, all these ingredients are readily available in cavity
QED setups. Our method is based on splitting the spin system into groups of subensembles and provides an
easily tunable setup for stabilizing a broad family of pure, highly entangled states with closed-form analytic
descriptions. Our results have immediate application to multiensemble quantum metrology, enabling
Heisenberg-limited sensing of field gradients and curvatures. Notably, our approach solves an important
challenge in differential quantum sensing by providing an example of Heisenberg-limited differential
sensing immune to common-mode noise and accessible with only simple one-body measurements. The
same setup also allows the stabilization of an entire family of entangled states in a one-dimensional chain of
spin ensembles with symmetry-protected topological order and has a direct connection to the outputs of
sequential unitary circuits. A special case of our protocol efficiently stabilizes the celebrated Affleck-
Kennedy-Lieb-Tasaki state.
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I. INTRODUCTION

Among the major achievements of modern quantum
science is the ability to control systems of many qubits or
spins with increasing levels of complexity. This progress is
driven both by applications to quantum technologies and by
the fundamental pursuit of understanding many-body
physics. Cavity QED systems, where multiple atoms
interact through their couplings to common cavity modes,
have proven particularly fruitful. In these systems, photons
commonly serve as mediators of effective Hamiltonian
spin-spin interactions, giving rise to rich and nontrivial
dynamical behavior. This standard approach has been
widely used to generate highly entangled spin-squeezed
states for quantum-enhanced metrology [1] and has also
served as a powerful tool for exploring a variety of many-
body effects [2].

Cavity QED platforms also naturally provide an alter-
native route for generating nontrivial spin dynamics and
entangled states by harnessing cavity dissipation. A generic
situation in experiments is the limit where cavity loss
induces fully collective dissipation on the spins, a single
dissipative process where each atom is essentially indis-
tinguishable. This setting underlies the celebrated phe-
nomenon of Dicke superradiance [3,4], characterized by a
collectively enhanced atomic decay and the generation of a
photonic burst. Beyond superradiance, the interplay
between collective decay and coherent Rabi driving can
give rise to dissipative phase transitions [5,6] and even
time-crystal-like phenomena [7]. Moreover, the combina-
tion of collective decay and tailored external driving
enables the generation of metrologically useful spin-
squeezed states [8–12], as well as extensions to two-
ensemble configurations [13–16].
While permutation-symmetric spin models with collec-

tive cavity-induced decay are appealing for their exper-
imental relevance, a broader goal is to realize more general
forms of reservoir engineering [17], where controlled
dissipation can stabilize a wide variety of nontrivial
many-body spin states beyond the permutation-symmetric
case. Many-body dissipative state-preparation schemes are
of interest both for their practical utility, such as the
potential to design protocols that are more robust than
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unitary approaches, and for their fundamental implications
including the characterization of dissipative phases of
matter [18,19]. There are by now a host of theoretically
proposed protocols for reservoir engineering (see, e.g.,
Ref. [20] for a recent review). However, these protocols
typically involve a considerable amount of complexity for
near-term experiments: Instead of a single collective cavity-
induced loss process, they often require engineering a large,
even extensive, number of independent and highly tailored
dissipative processes.
Given this context, a natural question is whether one can

bridge these two extremes: Is it possible to rely on only the
ubiquitous ingredient of collective loss in cavity QED
systems, but still dissipatively stabilize complex, non-
collective many-body states? One might even be more
ambitious and ask whether such an approach could be made
“reconfigurable,” allowing the same setup to stabilize a
wide variety of target states. In this work, surprisingly, we
show that this is indeed possible. We introduce and analyze
a general method for dissipative stabilization of a broad
class of noncollective many-body entangled states using
only a single collective loss dissipator. Our approach breaks
the permutation symmetry of Ntot atoms through only
Hamiltonian terms, namely, a pattern of drive detunings
and a structured cavity-mediated spin-exchange interaction.
The Hamiltonian terms reduce the symmetry of the system
using L distinct spin ensembles, each with the same
collective spin S ¼ Ntot=2L. By varying the detuning
pattern, we show that one can dissipatively stabilize a
wide range of pure entangled states of these L ensembles.
We can further derive closed-form analytic descriptions of
the corresponding steady states. Note that in the extreme
limit L ¼ Ntot, where the steady states attain a greatly
simplified structure, our construction coincides with
Refs. [21–23]. Our work has immediate relevance to recent
cavity QED experiments involving two or more spin
ensembles [24–27].
While the space of states accessible with our approach is

vast, we focus on two particularly intriguing classes. In
Secs. III and IV, we demonstrate how multiensemble
entangled states with exceptional metrological properties
for field gradients and curvatures can be naturally stabi-
lized. Our approach solves an important challenge in
differential quantum sensing [16,28] by providing the first
example of Heisenberg-limited differential sensing immune
to common-mode noise and accessible with only simple
one-body measurements—the standard measurement
primitive in essentially all atomic sensors. In Sec. V, we
discuss how our approach can stabilize states of funda-
mental interest in many-body physics: An entire family of
entangled states in a one-dimensional (1D) chain of spin-S
ensembles exhibiting symmetry-protected topological
(SPT) order [29,30] and connecting directly to recent ideas
for exploiting sequential unitary circuits [31]. A special
case of our protocol efficiently stabilizes the celebrated

Affleck-Kennedy-Lieb-Tasaki (AKLT) state [32,33].
Together, these examples highlight both the power and
versatility of our general approach.

II. SETUP FOR RECONFIGURABLE
RESERVOIR ENGINEERING

Our approach is sketched in Fig. 1. We start with a
simple, fully collective system where Ntot two-level atoms
experience a single collective decay process (induced by
resonant interaction with a lossy cavity) and are also subject
to uniform and resonant Rabi drives. This realizes the well-
known cooperative Rabi fluorescence (CRF) model [5,6].
Working in the rotating frame of Rabi drives and adiabati-
cally eliminating the cavity, the spin dynamics follows
a Gorini-Kossakowski-Sudarshan-Lindblad (Lindblad)
master equation for density matrix ρ̂,

d
dt

ρ̂ ¼ −i½ΩŜx; ρ̂� þ ΓD½Ŝ−�ρ̂; ð1Þ

where D½K̂�ρ̂ ¼ K̂ ρ̂ K̂† − fK̂†K̂; ρ̂g=2 is the Lindblad dis-
sipative superoperator describing dynamics induced by a
jump operator K̂, Ω is the Rabi frequency, Γ is the rate of
superradiant emission, and Ŝx, Ŝ− are collective spin
operators for the Ntot atoms. Despite its seeming simplicity,
the CRF model exhibits a variety of nontrivial nonequili-
brium physics, including dissipative phase transitions [5,6],
dissipative spin squeezing [34,35], boundary time
crystals [7], and hidden time-reversal symmetry [36].
The dissipative steady state of this model can be found
exactly [6], even if one adds single-spin loss and

FIG. 1. Schematic of a cavity QED platform for reconfigurable
many-body reservoir engineering. We start with a fully collective
setup: Ntot spins are subject to Rabi drives Ω and a collective,
cavity-mediated superradiant decay Γ. We break the full permu-
tation symmetry by assigning different detunings δl to suben-
sembles of spins and/or adding chiral spin-exchange interactions
χ between subensembles. This setup stabilizes a variety of
nontrivial pure, entangled states and is easily reconfigured by
changing the detuning pattern δl and/or other system parameters
(χ and Ω).
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disorder [36]. Dissipative phase transitions related to this
model have recently been observed experimentally [37,38].
The CRF model is fully collective (i.e., total angular

momentum is conserved), severely limiting the complexity
of the resulting dynamics and steady states. As promised,
we will achieve a richer dynamics by perturbing the system
Hamiltonian, while keeping the dissipative part of the
dynamics unchanged (see Fig. 1). We first partition our
full set of Ntot atoms equally into L subensembles (indexed
by l ¼ 1;…; L, with L an even number). Then we break the
permutation symmetry by assigning detuning δl for atoms
in subensemble l and introducing an all-to-all spin-
exchange interaction (amplitude χ) with a “chiral”
structure [21–23]. The modified master equation describes
a system of L ensembles with the same collective spin
S ¼ Ntot=2L and has the form

d
dt

ρ̂ ¼ −i½Ĥ; ρ̂� þ ΓD
�XL
l¼1

Ŝ−l

�
ρ̂;

Ĥ ¼
XL
l¼1

ΩŜxl þ
XL
l¼1

δlŜ
z
l þ i

χ

2

X
l>k

ðŜþk Ŝ−l − Ŝ−k Ŝ
þ
l Þ: ð2Þ

Here, all the spin operators are now spin-S operators acting
on a particular subensemble. As we will see, even without
the spin-exchange interactions χ, we can generate interest-
ing states, but including them for the case of L > 2 gives
access to an even richer set. The imaginary amplitude of
these interactions will be crucial, since they provide an
effective 1D ordering of the ensembles [as the sign of spin-
exchange amplitude between k and l depends on the sign
of (k − l)].
All the new terms introduced in Ĥ are compatible with

the experimental tools of cavity QED. One can implement
Eq. (2) by trapping many spin ensembles in a cavity as
shown in Fig. 1. The detunings δl can be realized by
applying separate Rabi drives with different frequencies
that selectively address individual subensembles or by
using a single global drive while engineering effective
detunings for each ensemble via local frequency shifts (e.g.,
ac Stark shifts, Zeeman shifts). Similar to the setup in
Ref. [24], the chiral spin-exchange couplings χ can be
engineered by applying a magnetic-field gradient along the
cavity, which allows for engineering cavity-assisted Raman
processes between ensembles separated by different dis-
tances independently via frequency selection. Alternatively,
one can also engineer χ using a chiral quantum
network [21–23,39,40], which functions by coupling each
spin ensemble to an optical cavity and then connecting all
these cavities via chiral waveguides. We discuss the details
of the implementation of chiral spin-exchange couplings χ
in Appendix G.
As we increase L, we systematically reduce the permu-

tation symmetry of the model, yielding dynamics that is far
richer than the simple CRF model. We will consider the full

range of this explicit symmetry breaking, from the minimal
case of L ¼ 2 to the maximal case L ¼ Ntot (i.e., each
subensemble consists of a single atom). Note that the fully-
permutation-symmetric limit L ¼ 1 (i.e., the bare CRF
model) does not admit pure dissipative steady states except
in the trivial case where there is no drive, Ω ¼ 0. As we
show below, the situation is very different (and richer)
when permutation symmetry is broken. For an even number
L, we will show that Eq. (2) has a unique, pure steady state

jψ ðLÞ
ss i for any Ω > 0 as long as the following two

conditions on the drive detunings are satisfied:

(i) For each spin ensemble k, there exists another spin
ensemble l such that δk ¼ −δl.

(ii) If χ ¼ 0, all the detunings δl are nonzero and
different from each other.

At a heuristic level, these conditions suggest a kind of
pairing structure in the steady state between ensembles with
equal-in-magnitude, opposite-signed detunings. We will
see explicitly how this manifests itself.
Note that our approach is connected to (but distinct from)

previous work exploiting nonreciprocal interactions for
entanglement stabilization. In the limit where the chiral
interaction is tuned to exactly χ ¼ Γ, Eq. (2) has the form of a
cascaded master equation [21,41,42] and mimics a setup
where the L ensembles are all coupled to a common
unidirectional waveguide (meaning that ensemble l is influ-
enced only by ensembles k < l). In the case L ¼ 2, dis-
sipative pure-state entanglement in this fully directional limit
can be understood as an example of the coherent quantum
absorber method [21] and a consequence of hidden time-
reversal symmetry (HTRS) [43]. Applications of HTRS to
two spin ensembles were studied in Refs. [36,44]. Our work
shows that, for L ¼ 2, entanglement generation survives
beyond the fully directional limit, indicating a kind of
adiabatic continuity of the steady state as one tunes χ.
In the other extreme case L ¼ Ntot (i.e., each ensemble is

just a single qubit with S ¼ 1=2), our work reduces to the
entanglement stabilization scheme of Refs. [21–23]. Note
that, in this case, the complexity of the stabilized states is
reduced, and there is no obvious metrological utility to the
states that are generated. Although the possibility of states
with SPT order exists for the case of S ¼ 1=2, it was not
discussed in the previous works. Our work nontrivially
generalizes this scheme to the case where each subsystem
has an arbitrary spin S > 1=2.

III. ENTANGLING TWO SPIN ENSEMBLES

A. Exact solution for pure steady states

We start by considering the case with just two spin
ensembles (i.e., L ¼ 2), showing that the resulting dynam-
ics can stabilize entangled states with remarkable metro-
logical properties. As we will show later, the chiral
interaction χ is unnecessary in this case, and the general
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conditions in Sec. II for a pure steady state require only that
the two drive detunings are nonzero and the same up to a
sign: δ1 ¼ −δ2 ≡ Δ=2. Setting χ ¼ 0, Eq. (2) becomes

d
dt

ρ̂ ¼ −i½Ĥ; ρ̂� þ ΓD½Ŝ−1 þ Ŝ−2 �ρ̂;

Ĥ ¼ ΩðŜx1 þ Ŝx2Þ þ
Δ
2
ðŜz1 − Ŝz2Þ: ð3Þ

As shown in Fig. 2(a), one can directly implement Eq. (3)
in a cavity QED setup similar to the realization of the CRF
model [38].
We now show that this dynamics admits a pure steady

state. In general, such a statemust be both an eigenstate of the
Hamiltonian and annihilated by every Lindblad jump
operator [45]. In our case, the only jump operator is
Ŝ−1 þ Ŝ−2 , which describes the collective decay of the two
ensembles. If such a steady state exists, it can be written in
the basis of total-angular-momentum states jJ;mi, which
are eigenstates of the total-angular-momentum operator
Ĵ · ĴjJ;mi ¼ JðJ þ 1ÞjJ;mi, with Ĵ ¼ ðĴx; Ĵy; ĴzÞ and
Ĵα ¼ Ŝα1 þ Ŝα2 . Here, J∈ f0;…; 2Sg is the total angular
momentum, and m∈ f−J;…; Jg is the angular-momentum
projection along the quantization axis with ĴzjJ;mi ¼
mjJ;mi. The jump operator Ŝ−1 þ Ŝ−2 annihilates the ground
state jJ;−Ji of each total-angular-momentum sector; hence,
any pure steady state should take the form

jψ ð2Þ
ss i ¼

X2S
J¼0

cJ;−JjJ;−Ji; ð4Þ

with wave function coefficients cJ;−J.
In the total-angular-momentum basis, one can interpret

the Hamiltonian in Eq. (3) as generating nearest-neighbor
hopping in an effective 2D lattice formed by the jJ;mi
states [see Fig. 2(b)],

Ĥ ¼ Ω
2

X
Jm

AJ;m

�
jJ;mþ 1ihJ;mj þ H:c:

�

þΔ
2

X
Jm

BJ;m

�
jJ þ 1; mihJ;mj þ H:c:

�
; ð5Þ

where AJ;m ¼ hJ;mþ 1jŜx1 þ Ŝx2jJ;mi and BJ;m ¼
hJ þ 1; mjŜz1 − Ŝz2jJ;mi. As shown in Appendix A, these
coefficients can be calculated analytically, yielding

AJ;m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ −mÞðJ þmþ 1Þ

p
; ð6Þ

BJ;m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2S − JÞð2Sþ J þ 2ÞðJ þmþ 1ÞðJ −mþ 1Þ

ð2J þ 1Þð2J þ 3Þ

s
:

ð7Þ

Applying Eq. (5) to Eq. (4), one sees that Ĥjψ ð2Þ
ss i is a

linear combination of states jJ þ 1;−Ji and, hence, is

necessarily orthogonal to jψ ð2Þ
ss i. Therefore, the pure steady

state in our case must satisfy Ĥjψ ð2Þ
ss i ¼ 0, which is

equivalent to destructive interference of the hopping terms
due to Rabi frequencyΩ and detuningΔ in the jJ;mi basis.
One can thus obtain a recurrence relation for the coeffi-

cients of jψ ð2Þ
ss i,

cJþ1;−J−1

cJ;−J
¼ −

Δ
Ω

BJ;−J

AJþ1;−J−1
: ð8Þ

We find that jψ ð2Þ
ss i is the unique steady state for any

Δ ≠ 0. Note that for Δ ¼ 0 (CRF model with two ensem-
bles), one can obtain (2Sþ 1) distinct steady states, as in
this case there are no couplings between subspaces of
different total angular momentum J. In Appendix F, we
show explicitly that the introduction of a perturbatively
small nonzero Δ completely breaks this degeneracy and
leads to a unique, pure steady state.
Figure 2(c) shows the amplitudes cJ;−J of the pure steady

state as a function of J. The probability jcJ;−Jj2 is localized
in J and the peak position can be tuned by varying the ratio
Δ=Ω. When Δ=Ω ≫ 1=S, the peak position of jcJ;−Jj2 is
near jcJþ1;−J−1=cJ;−Jj ∼ 1, leading to J ∼ SΔ=Ω. In con-
trast, in the large drive regime Δ=Ω ∼ 1=S, jcJ;−Jj2 is
centered at J ¼ 0 (as in this regime, we always have

FIG. 2. (a) Schematic of the L ¼ 2 setup: two spin-S ensembles
coupled to a cavity, each driven by Rabi fields with amplitudes Ω
and opposite detunings �Δ=2, subject to a cavity-mediated
collective decay Γ. (b) In the total-angular-momentum basis
jJ;mi, the Rabi drive Ω couples jJ;mi → jJ;m� 1i, and the
detuning Δ couples jJ;mi → jJ � 1; mi. The collective decay
ensures the pure steady state is a linear combination of jJ;−Ji
states, with coefficients cJ;−J determined by destructive interfer-
ence. (c) Steady-statewave function coefficients cJ;−J withS ¼ 50.
For Δ=Ω ¼ 1=S, the wave function is peaked at J ¼ 0; increasing
Δ=Ω shifts weight to larger J. (d) Steady-state QFI for measuring a
differential phase ϕ [see Eq. (10)]. In the case of Δ=Ω ¼ 1=S, the
QFI achievesHeisenberg scaling.We compare theQFI for different
Δ=Ω scalings with the HL and the SQL.
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jcJþ1;−J−1=cJ;−Jj < 1). The upshot is that, by varying the
detuning-to-drive ratio, we have a flexible tool for con-
trolling the angular-momentum distribution of the system’s
unique, pure steady state. The large-Rabi-drive limit

Ω → ∞ is of particular interest, as in this limit jψ ð2Þ
ss i

approaches the jJ ¼ 0; m ¼ 0i state. This is a maximally
entangled state between the two spin ensembles and has
been discussed in several recent works as enabling robust,
quantum-enhanced differential sensing [15,16]. As we
show below, our state continues to be metrologically useful
even away from the large-drive limit.
Before turning to a discussion of metrology, we briefly

comment on what happens if (still for L ¼ 2) one includes
a nonzero chiral interaction amplitude χ in Eq. (2). We still
obtain a pure steady state of the form in Eq. (4), but the
recursion relation in Eq. (8) determining the coefficients is
modified in a simple way,

cJþ1;−J−1

cJ;−J
¼ −

Δ − iχðJ þ 1Þ
Ω

BJ;−J

AJþ1;−J−1
: ð9Þ

This result is based on the relation CJ;m ¼ −ðJ þ 1ÞBJ;m

proved in Appendix A, where CJ;m is defined as
CJ;m ¼ hJ þ 1; mjŜþ1 Ŝ−2 − Ŝ−1 Ŝ

þ
2 jJ;mi. Thanks to this rela-

tion, one can simply replace Δ by Δ − iχðJ þ 1Þ in Eq. (8).
For the rest of our discussion of the two-ensemble (L ¼ 2)
case, we will return to setting χ ¼ 0. However, in later
sections, when we explore the L > 2 multiensemble
versions of our setup, a nonzero χ will be important,
and Eq. (9) will be an important ingredient in building up
our full solution.

B. Quantum enhancement for differential sensing

Having established the form of the pure steady state
of our two-ensemble setup, we now explore its remark-
able metrological utility for differential sensing. We con-
sider the measurement of a differential phase ϕ between
two spin ensembles, encoded by the unitary evolution
Ûϕ ¼ e−iϕðŜ

z
1
−Ŝz

2
Þ. The quantum Fisher information (QFI)

for measuring this phase is given by the variance of Ŝz1 − Ŝz2
in jψ ð2Þ

ss i [cf. Eqs. (4), (7), and (8)],

Fϕ ¼ 4varðŜz1 − Ŝz2Þss ¼ 4
X2S
J¼0

jcJ;−Jj2jBJ;−Jj2: ð10Þ

A central question is how this QFI scales with the
number of atoms, i.e., with S. Figure 2(d) shows this
scaling for different choices of the parameter Δ=Ω. As
discussed in the previous section, away from the large drive
regime, i.e., when Δ=Ω ≫ 1=S, the steady state’s angular-
momentum distribution is localized near J ∼ SΔ=Ω. It then
follows from Eq. (10) and the form of the BJ;−J coefficients
that Fϕ ∝ SΩ=Δ. This immediately suggests how to

achieve different canonical scalings of the QFI. For
Δ=Ω ∼ 1, we have a scaling near the standard quantum
limit (SQL), Fϕ ∝ S. For a Rabi drive that increases with

system size,Δ=Ω ∼ 1=
ffiffiffi
S

p
, we obtain a scaling that exceeds

the SQL, Fϕ ∝ S3=2.
For even larger Rabi drives,Δ=Ω ∼ 1=S, we obtain a QFI

that exhibits Heisenberg-limited (HL) scaling, i.e.,
Fϕ ∝ S2. This is consistent with our earlier observation
that our state approaches the jJ ¼ 0; m ¼ 0i state in the
large-Rabi-drive limit (Ω → ∞), a state that has a maximal
QFI ½Fϕ�max ¼ 16SðSþ 1Þ=3. The same maximal QFI is
also reported in Refs. [15,16]. Since the jJ ¼ 0; m ¼ 0i
state is invariant under global rotations, in the large-Rabi-
drive limit, one can obtain the same HL-scaling QFI for
parameter estimation corresponding to generators Ŝx1 − Ŝx2,
Ŝy1 − Ŝy2, and Ŝz1 − Ŝz2 and vanishing variances for the
operators Ŝx1 þ Ŝx2, Ŝ

y
1 þ Ŝy2, and Ŝz1 þ Ŝz2. The squeezing

and antisqueezing of these operators can be extended to the
case of a finite Ω as we show later, although the rotation
symmetry of the three directions no longer holds.
While the jJ ¼ 0; m ¼ 0i has an optimally large QFI,

one must also ask whether this metrological enhancement
can be achieved with experimentally feasible measure-
ments. The jJ ¼ 0; m ¼ 0i is problematic in this regard, as
the expectation values of all one-body operators vanish;
hence, achieving the QFI necessarily requires more com-
plicated, multibody measurements. Surprisingly, our more
general class of states provides a way of evading this issue
while still maintaining HL scaling. The trick is to use a
large enough value of Ω to yield HL scaling, but not so
large as to cause the average spin length in the two
ensembles to be zero (as it is the case for the jJ ¼ 0; m ¼
0i state). Having a nonzero spin length means that a simple
Ramsey-style measurement, i.e., a linear measurement of
collective spin variables, can potentially achieve the sensi-
tivity predicted by the QFI.
To make this idea more quantitative, we first derive a

relation between the differential x polarization of our spin
ensembles and the QFI. One can show through an explicit
calculation (see Appendix A) that

hŜx1 − Ŝx2iss ¼
X
J

c�Jþ1;−J−1cJ;−JB
−
J;−J ¼ −

Δ
4Ω

Fϕ; ð11Þ

where B−
J;m¼hJþ1;m−1jŜ−1 −Ŝ−2 jJ;mi. SinceFϕ∝SΩ=Δ,

as discussed previously, we have hŜx1 − Ŝx2iss ∝ S for a wide
range of Δ=Ω, with corrections when decreasing Δ=Ω to
the order of 1=S. This result suggests the possibility of
having the QFI exhibit Heisenberg scaling while still
having a nonzero average spin length of order S, e.g., by
having Δ=Ω ∼ 1=S. We indeed find that this is true through
an explicit evaluation of Eq. (11). Note that having a spin
length of order S ensures not only that a Ramsey-type
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protocol is applicable, but also enhances the robustness
against detection noise via large measurable signals.
Based on the large spin length hŜx1 − Ŝx2iss ∝ S in our

case, as shown in Fig. 3(a), one can further interpret our

steady state jψ ð2Þ
ss i as a two-mode spin-squeezed state (see

Refs. [15,46,47] for other types of two-mode spin-squeezed
states). The squeezed quadratures are along the Ŝy1 þ Ŝy2 and
Ŝz1 þ Ŝz2 axes, and the antisqueezed quadratures are along
the Ŝz1 − Ŝz2 and Ŝy1 − Ŝy2 axes. Both of the Bloch spheres
share the same spin length, which is along the Ŝx1 − Ŝx2 axis.
In particular, the differential phase ϕ leads to rotations
along the Ŝz1 − Ŝz2 axis, resulting in a nonzero average value
of Ŝy1 þ Ŝy2. This suggests a simple Ramsey-style measure-
ment to measure the average collective spin component
Ŝy1 þ Ŝy2. The quantum enhancement of this Ramsey-type
measurement can be characterized by the two-mode gen-
eralization of the Wineland spin-squeezing parameter [15].
Letting ðΔϕÞest denote the error in estimating ϕ from the
Ramsey measurement, we have

ξ2ss ¼ 4SðΔϕÞ2est ¼
4SvarðŜy1 þ Ŝy2Þss

hŜx1 − Ŝx2i2ss
: ð12Þ

Note that varðŜy1 þ Ŝy2Þss ¼
P

2S
J¼0 jcJ;−Jj2J=2. Based on the

previous discussions of jcJ;−Jj2, one can obtain ξ2ss ∝ Δ=Ω
when Δ=Ω ≫ 1=S. Thus, by setting Δ=Ω ∼ 1=S, one finds
that Eq. (12) is approaching HL scaling, ξ2ss ∝ 1=S. We thus
have established a major advantage of our scheme: HL
scaling can be achieved for the differential phase ϕ using a
simple Ramsey-type measurement with a signal of size
OðSÞ. Based on the Bloch sphere representation, one can
also extract the phase imprinted by Ŝy1 − Ŝy2 with HL scaling
by measuring Ŝz1 þ Ŝz2.
We stress that the quantum enhancement for differential

sensing does not require exactly the same atom number for
the two spin ensembles (see Appendix H for detailed
analysis). For constant population imbalance, the HL
scaling ξ2ss ∝ 1=S is maintained. Even with Oð ffiffiffi

S
p Þ pop-

ulation imbalance, one can still obtain steady-state spin
squeezing ξ2ss ∝ 1=

ffiffiffi
S

p
.

Our approach and the resulting steady state offer several
distinct advantages over previous dissipative preparation
schemes for enhanced differential sensing based on entan-
glement between two spin ensembles. Reference [16]
stabilizes a state with vanishing spin length, precluding
its use in Ramsey-type measurements. Reference [15]
stabilizes a similar (but distinct) two-mode squeezed state,
while it relies on engineering two independent dissipators,
making the setup more demanding experimentally. In
contrast, our scheme is naturally compatible with a simple
Ramsey-type protocol and achieves HL scaling with a
simpler experimental design.

C. Impact of single-spin dissipation during
state preparation

While our ideal scheme produces entangled states with
exceptional metrological properties, experimental utility
also requires that we have robustness to inevitable imper-
fections. A key issue here is the presence of single-spin
relaxation. Each of our two spin ensembles is formed by 2S
spin-1=2 particles, Ŝ−j ¼P2S

l¼1 ŝ
−
j;l, where ŝ

−
j;l are spin-1=2

operators. Single-particle spontaneous emission is then
described by adding additional dissipative processes with
jump operators

ffiffiffi
γ

p
ŝ−j;l to Eq. (2). We define the single-atom

cooperativity C ¼ Γ=γ, which characterizes the ratio
between emission into the cavity and unwanted emission
into free space.
In the presence of such unwanted dissipation, the

relaxation timescale tss for the ideal dynamics to reach

the steady state jψ ð2Þ
ss i must not be too large, otherwise the

steady-state spin squeezing will be strongly degraded once
we introduce γ. We define tss such that the ideal (γ ¼ 0)
evolution yields a high fidelity with the steady state for

FIG. 3. (a) Generalized Bloch sphere representation of the
L ¼ 2 steady state. It can be interpreted as a two-mode spin-
squeezed state with squeezing along the Ŝy1 þ Ŝy2 and Ŝz1 þ Ŝz2
axes and antisqueezing along the Ŝz1 − Ŝz2 and Ŝy1 − Ŝy2 axes.
Applying a differential phase ϕ between the two ensembles is
equivalent to rotations about the Ŝz1 − Ŝz2 axis in the first Bloch
sphere. (b) Comparison between the optimal timescale to reach
the steady state (tss) and the steady-state squeezing [described by
varðŜy1 þ Ŝy2Þss], with S ¼ 30. Note that varðŜy1 þ Ŝy2ÞSQL ¼ S. We
consider the initial state where all the spins are pointing down and
define tss as the optimal evolution time for the infidelity to the
steady state to reach 10−3 with fixed Γ and Δ=Ω. The same initial
state is used in (c). (c) The scaling of optimal two-mode Wineland
spin-squeezing parameter ξ2opt with spin S for each ensemble and
single-atom cooperativity C (obtained from a second-order
cumulant expansion). The scaling ξ2opt ∝ 1=

ffiffiffiffiffiffi
SC

p
is determined

via numerical fitting.
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t > tss. More specifically, FðtÞ ¼ tr½jψ ð2Þ
ss ihψ ð2Þ

ss jρ̂ðtÞ� sat-
isfies FðtÞ > 1 − ϵ for t > tss, where ϵ is a small positive
number (we choose ϵ ¼ 10−3). Here, ρ̂ð0Þ can be any
specific state easy to initialize in an experiment. One finds
that there is a fundamental trade-off between the speed of
the dynamics and the amount of steady-state squeezing and
entanglement. Similar to Refs. [48,49], one can quantify
this with a lower bound on the relaxation time (see
Appendix B),

Γtss ≥
1 − ϵ − Fð0Þ

4varðŜy1 þ Ŝy2Þss
: ð13Þ

In Fig. 3(b), we compute tss numerically using the quantum-
jump method [50] and compare with varðŜy1 þ Ŝy2Þss. We use
an initial state jJ ¼ 2S;m ¼ −2Si, i.e., all spins pointing
down, and then minimize tss by varying the ratio Ω=Γwhile
keeping Γ and Δ=Ω fixed. The optimal tss can be achieved
when Ω≳ SΓ. We stress that the required strong Rabi
drive (Ω≳ SΓ) has been realized in cavity QED experiments
with a single-spin ensemble (up to 104 atoms) [38]. Based
on this choice of Ω, as shown in Fig. 3(b) we find
Γtss=ð2πÞ ≈ 1=varðŜy1 þ Ŝy2Þss, which is a constant factor
away from the lower bound [see Eq. (13)]. As we discussed
in Sec. III B, varðŜy1 þ Ŝy2Þss ∼ SΔ=Ω; we thus have
tss ∼Ω=ðSΓΔÞ.
Having understood the basic speed-squeezing trade-off

in our dynamics, we now explicitly introduce single-spin
decay. At a heuristic level, this noncollective decay will
degrade the spin squeezing because of the effective short-
ening of the collective spin polarization. To the lowest
order, this increases the Wineland parameter by an amount
at the order of γt. Considering evolution over a timescale
t ∼ tss, one can thus approximate the spin-squeezing
parameter by

ξ2 ∼ ξ2ss þ γtss ∼
Δ
Ω
þ Ω
SCΔ

: ð14Þ

where we have made use of the trade-off between speed and
spin squeezing discussed above. Optimizing over the ratio
Δ=Ω, one finds an optimal spin-squeezing parameter
ξ2opt ∝ 1=

ffiffiffiffiffiffi
SC

p
, occurring for an optimal parameter ratio

Δ=Ω ∼ 1=
ffiffiffiffiffiffi
SC

p
. In Fig. 3(d), we explore the scaling of

ξ2opt with spin S for each ensemble and single-atom coop-
erativity C, using a second-order cumulant expansion to
numerically simulate the system dynamics (see Appendix E
for details). We vary parameters Δ and Ω as well as the
evolution time t while fixing Γ. The numerical results show
good agreement with our analytically predicted scaling
ξ2opt ∝ 1=

ffiffiffiffiffiffi
SC

p
. Note that single-mode spin squeezing due

to the iconic one-axis twisting interaction [51] shares the
same scaling when considering dissipative processes such as
single-particle spin flips [52–54].

D. Robustness against common-mode noise
during interrogation

Common-mode noise can be a major practical limitation
during the signal-acquisition (interrogation) part of a
differential sensing protocol: While one wants to estimate
a small phase difference between the two ensembles, the
average phase of the two ensembles could be completely
random and uncontrolled. In atomic sensors, common-
mode noise can arise from laser-phase fluctuations in
optical clocks [55–57] and vibrations of reference plat-
forms in atom interferometers [58–60]. A standard method
to mitigate this noise, without assuming it to be small, is the
so-called “ellipse-fitting” method [61], which is originally
proposed for sensing with unentangled atoms. Recent work
has sought to generalize this technique by entangling each
spin ensemble separately [28]. An alternative is to use an
entangled state between two spin ensembles that is intrinsi-
cally insensitive to common-mode noise. As discussed
in Ref. [16], the jJ ¼ 0; m ¼ 0i state (equivalent to our
Ω → ∞ steady state) is such a state, as it is invariant under
global rotations. Hence, in principle, its HL scaling for
differential sensing is robust to such noise. However, based
on Sec. III B, the jJ ¼ 0; m ¼ 0i state has a significant
practical drawback: The lack of any net spin polarization
means that metrology must employ complicated nonlinear
measurements.
Here, we demonstrate that our generalized class of states

provide a means for combining the common-mode noise
robustness of the jJ ¼ 0; m ¼ 0i state while still allowing
for a simple, linear measurement. The trick is to use our

steady state jψ ð2Þ
ss i at finite values of Ω, so that it retains a

net spin length. The loss of rotational symmetry can be
compensated by ellipse fitting, such that we can still
mitigate common-phase noise and maintain the same HL
scaling while measuring one-body observables. Our
approach circumvents the complications of measuring
two-body observables in Ref. [16].
We include the effects of the common-mode noise by

applying a common-phase rotation by angle θ to our steady
state, encoded by the unitary evolution Ûθ ¼ e−iθðŜ

z
1
þŜz

2
Þ.

We randomly sample θ with probability distribution PðθÞ.
As a result, the pure steady state is transformed to the
impure state

ρ̂c ¼
Z

dθPðθÞÛθjψ ð2Þ
ss ihψ ð2Þ

ss jÛ†
θ: ð15Þ

We can now calculate the sensitivity of this corrupted state
to a differential phase ϕ by calculating its QFI Fϕ,

Fϕ ¼ 2
X

λkþλl>0

ðλk − λlÞ2
λk þ λl

jhkjðŜz1 − Ŝz2Þjlij2

¼ 4
X
J

jcJ;−Jj2jBJ;−Jj2: ð16Þ
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Here, λk and jki are the eigenvalues and eigenvectors of ρ̂c.
Comparing Eq. (10) with Eq. (16), we reach a surprising
conclusion: The QFI for the differential phase ϕ remains
unchanged for any probability distribution PðθÞ describing
the common-mode phase noise. This result can be under-
stood intuitively by considering the generalized Ramsey
measurement scheme of the previous subsection, charac-
terized by the two-mode spin-squeezing parameter in
Eq. (12). The robustness against common-phase noise is
the simple consequence of the fact that varðŜy1 þ Ŝy2Þss ¼
varðŜx1 þ Ŝx2Þss. Hence, while random common-phase rota-
tions mix these collective variances, this does not alter the
variance that limits the generalized Ramsey measurement.
Further, as discussed in Ref. [28], this equal-variance
condition corresponds to the optimal situation for
extracting a differential phase ϕ using ellipse fitting.
We now go beyond the QFI calculation and provide an

explicit strategy for differential sensing in the presence of
common-mode noise, see Fig. 4(a). We consider a Ramsey-
type measurement with the following steps: (i) Turn on
laser drives for dissipative stabilization of the steady state

jψ ð2Þ
ss i. For simplicity, we assume perfect state preparation.

(ii) Turn off laser drives and let the system evolve under the
signal source, acquiring the differential phase ϕ of interest
during this “dark time.” (iii) Apply a global π=2 laser pulse.
Assuming the standard situation where the dark time
duration is much longer than the coherence time of the
laser, this second laser pulse has an effectively random

phase θ (common for the two ensembles). The pulse can be
described by R̂θðπ=2Þ ¼ Û†

θe
−iπðŜx1þŜx2Þ=2Ûθ. We assume

that the phase θ is uniformly distributed between 0 and
2π, i.e., PðθÞ ¼ 1=ð2πÞ. Note that, even in an experiment
where PðθÞ is possibly more structured, one could simply
add phase noise to ensure PðθÞ ¼ 1=ð2πÞ. (iv) Perform a
projective measurement on each ensemble in the z basis,
obtaining the excitation fractions pj (j ¼ 1, 2) as meas-
urement outcomes for operators 1=2þ Ŝzj=ð2SÞ. The
expectation values of p1 and p2 in a single shot are thus
given by

E½p1jϕ; θ� ¼
1

4S
hŜx1 − Ŝx2iss sinðϕþ θÞ þ 1

2
;

E½p2jϕ; θ� ¼
1

4S
hŜx1 − Ŝx2iss sinðϕ − θÞ þ 1

2
: ð17Þ

Notice that Eq. (17) forms an ellipse in the (p1, p2) plane
when varying θ from 0 to 2π, so one can extract the
differential phase ϕ by fitting the ellipse formed by the
measurement outcomes. Note that Eq. (17) is a circle
for ϕ ¼ π=4.
One can use the classical Fisher information (CFI) to

characterize the sensitivity of extracting a differential phase
ϕ from the ellipse-fitting method [28]. We first define the
probability of the measurement outcome p1 and p2 con-
ditioned on ϕ and θ as

Pðp1; p2jϕ; θÞ ¼
����hS;m1j ⊗ hS;m2j

�
R̂θðπ=2ÞÛϕjψ ð2Þ

ss i
���2;

ð18Þ

where pj ¼ mj=ð2SÞ þ 1=2 with j ¼ 1, 2. We then inte-
grate the common phase θ over the random distribution,
Pðp1; p2jϕÞ ¼

R
dθPðθÞPðp1; p2jϕ; θÞ, which is shown in

Fig. 4(b). The CFI is thus given by

Fϕ ¼
X
p1;p2

Pðp1; p2jϕÞ
�
∂ lnPðp1; p2jϕÞ

∂ϕ

	
2

: ð19Þ

We then numerically calculate the CFI Fϕ for S ¼ 100. For

both Δ=Ω ¼ 1=
ffiffiffi
S

p
and Δ=Ω ¼ 1=S, the CFI Fϕ is roughly

approaching the QFI Fϕ except for the small region near
ϕ ¼ 0. The best sensitivity is achieved near ϕ ¼ π=4,
where Eq. (17) forms a circle. Note that one can of course
still measure a small differential phase ϕ by deliberately
adding a fixed differential phase bias of π=4.
This result shows another key feature of our scheme and

the resulting steady-state solution: Even with large
common-phase noise, it is possible to reach Heisenberg
scaling using simple Ramsey-style measurements and the
ellipse-fitting method. It is also interesting to note that,
because of the interensemble entanglement in our scheme,

FIG. 4. (a) Schematic for differential sensing in the presence of
common-phase noise. We first apply the quantum channel E12

[see Eq. (3)] to stabilize the steady state jψ ð2Þ
ss i. The system then

evolves under the differential phase ϕ. We next apply a global
π=2 pulse (random common phase θ due to laser noise) and then
perform a projective measurement of each ensemble in the z basis
to obtain the excitation fractions p1 and p2. (b) Classical Fisher
information Fϕ for ellipse fitting (solid lines). The dashed lines
are the corresponding quantum Fisher information Fϕ. Fϕ is
roughly approaching Fϕ except for the small region near ϕ ¼ 0.
The left and right insets are color-scale plots of the conditional
probability for excitation fractions ðp1; p2Þ. The points ðp1; p2Þ
with peak probability lie on an ellipse whose form depends on ϕ.
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we achieve a much better scaling than what is possible by
applying the ellipse-fitting technique to a tensor product of
two single-ensemble squeezed states. As shown in
Ref. [28], this yields only a scaling of CFI Fϕ ∼ S4=3, in
contrast to the HL-type scaling Fϕ ∼ S2 we achieve.

IV. ENTANGLING MANY SPIN ENSEMBLES

A. Exact solution for pure steady states

We now build on our discussion of the two-spin-
ensemble (L ¼ 2) case in the previous section, showing
how a wide class of entangled states of L ≥ 2 spin
ensembles can be stabilized as pure steady states of the
dissipative dynamics in Eq. (2). Figure 5(a) shows a
schematic for the case L ¼ 4. Recall from Sec. II that
obtaining a pure steady state requires L to be even and
detunings to come in equal-in-magnitude, opposite-sign
pairs. We will also focus on the case where the chiral
interaction χ is nonzero; as discussed, this interaction
provides an effective 1D ordering of the ensembles.
To show the existence of a pure steady state, consider

first the special case where the detunings are ordered to
form a dimerized pattern: each odd-numbered ensemble l
with detuning δl is immediately followed by an ensemble
with the opposite detuning: δ2k−1 ¼ Δk=2, δ2k ¼ −Δk=2
with k ¼ 1; 2;…; L=2. A direct calculation shows that, in
this case, Eq. (2) has a pure steady state that is a product of
entangled states for each adjacent pair of ensembles
ð2k − 1; 2kÞ,

jψ ðLÞ
ss i ¼ ⨂

L=2

k¼1

jψ ð2Þ
ss ðΔk; χ;ΩÞi2k−1;2k: ð20Þ

Here, jψ ð2Þ
ss ik;l is just the two-ensemble steady state of the

last section [cf. Eq. (9)], realized using ensembles k and l.

One can further show that jψ ðLÞ
ss i is the unique steady state

as long as permutation symmetry is fully broken, which can
be achieved by setting χ ≠ 0 or making all Δk nonzero and
distinct (see Appendix F). This dimerized form is easily
understood in the fully directional limit χ ¼ Γ, as the
ensemble 2k is a perfect absorber [21–23,43] for the 2k − 1
ensemble.
The more interesting case is where the detuning pairs

(�Δk=2) are not perfectly ordered to appear in adjacent
ensembles. To address this general case, we first para-
metrize the Hamiltonian in Eq. (2) as Ĥðδ⃗Þ, where δ⃗ ¼
ðδ1; δ2;…; δLÞ is the ordered vector of drive detunings. We
also define a reordered vector of detunings δ⃗init, where the
elements of δ⃗ have been permuted to yield a dimerized
ordering: δ⃗init ¼ ðΔ1=2;−Δ1=2;Δ2=2;−Δ2=2;…Þ, such
that δ⃗ ¼ Pδ⃗init with P a permutation. Note that the non-
uniqueness of δ⃗init plays no role in the following analysis.

If the system Hamiltonian were Ĥðδ⃗initÞ, then the system
steady state would be given by the fully dimerized form of
Eq. (20). Inspired by the discussion for the S ¼ 1=2
case [21–23], we seek to design, for arbitrary S, a unitary
operator Û that transforms the steady-state solution of the
simple ordering δ⃗init of detunings to the exact steady-state
solution of the actual ordering of detunings δ⃗. This requires
that Û satisfy

Û Ĥðδ⃗initÞÛ† ¼ Ĥðδ⃗Þ;

Û

�X
l

Ŝ−l

	
Û† ¼

X
l

Ŝ−l : ð21Þ

If such a unitary operator exists, it immediately follows that
the steady solution for the general case will be given

by jψ ðLÞ
ss ðδ⃗Þi ¼ Ûjψ ðLÞ

ss ðδ⃗initÞi.
The problem thus reduces to finding a Û of the above

form that corresponds to the needed permutation P.
Note that any permutation can be decomposed as a product
of nearest-neighbor swap operations Pl;lþ1 that just per-
mute two adjacent detunings: Pl;lþ1ð…; δl; δlþ1;…Þ ¼
ð…; δlþ1; δl;…Þ. We can thus construct a Ûl;lþ1 that
corresponds to Pl;lþ1 [and satisfies Eq. (21)], and then

use it to build the full unitary Û that relates δ⃗ and δ⃗init.

FIG. 5. (a) Schematic of steady-state entanglement between
four spin-S ensembles in an optical cavity. Similar to Fig. 2(a), we
consider Rabi drives with Rabi frequency Ω and detunings δl for
each ensemble, as well as collective decay with rate Γ. We further
engineer chiral spin-exchange couplings with rate χ between spin
ensembles. (b) The quantum channel for relaxation to the steady
state can be decomposed into quantum channels between
ensemble pairs (initially setting δ1 ¼ −δ2 and δ3 ¼ −δ4) and
unitary operators to swap the detunings to the final form (see
text). (c) von Neumann entanglement entropy for the steady state
in the case of S ¼ 10. The subscripts of ρ̂ label the indices of spin
ensembles included in the reduced density matrix. As shown in
the insets, we fix δ1 ¼ −δ2 ¼ 2χ, δ3 ¼ −δ4 ¼ 3χ in the top panel
and δ1 ¼ −δ4 ¼ 2χ, δ2 ¼ −δ4 ¼ 3χ in the bottom panel. Multi-
partite entanglement between spin ensembles is achieved in the
bottom panel.
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Wemake the followingSU(2)-symmetric ansatz for Ûl;lþ1:

Ûl;lþ1ðδl; δlþ1; χÞ ¼ exp

�
i
X
J;m

θJjJ;mihJ;mjl;lþ1

	
; ð22Þ

where jJ;mil;lþ1 with J ¼ 0; 1;…; 2S is the total-angular-
momentum basis for the subsystem formed by ensembles l
and lþ 1, and θJ are coefficients to be determined. This
form ensures that any terms symmetric between ensembles
l and lþ 1 will remain unchanged when transformed by
Ûl;lþ1, so the second condition of Eq. (21) is automatically
satisfied. The first condition reduces to

Ûl;lþ1

�
δl − δlþ1

2
ðŜzl − Ŝzlþ1Þþ i

χ

2
ðŜþl Ŝ−lþ1−H:c:Þ

	
Û†

l;lþ1

¼−
�
δl− δlþ1

2

	
ðŜzl − Ŝzlþ1Þþ i

χ

2
ðŜþl Ŝ−lþ1−H:c:Þ: ð23Þ

Rewriting this in the total-angular-momentum basis and
applying the analytical results in Appendix A, we find an
equation that determines the coefficients θJ,

eiðθJþ1−θJÞ ¼ −ðδl − δlþ1Þ − iχðJ þ 1Þ
ðδl − δlþ1Þ − iχðJ þ 1Þ : ð24Þ

To obtain intuition for this result, note first that Ûl;lþ1

applies a different phase shift θJ to each total-angular-
momentum sector of the two-ensemble subsystem. When
χ ≫ jδl − δlþ1j, we have θJþ1 − θJ → 0, and Ûl;lþ1 is close
to the identity matrix. In contrast, when χ ≪ jδl − δlþ1j, we
have θJþ1 − θJ → �π. Because of the symmetry properties
of Clebsch-Gordan coefficients, hS;ml; S;mlþ1jJ;mi ¼
ð−1Þ2S−JhS;mlþ1; S;mljJ;mi, Ûl;lþ1 in this limit is close
to a many-body SWAP gate that swaps the quantum
states for the entire ensemble l with ensemble lþ 1. The
general case in between these limits corresponds to a
“partial swap” between the two ensembles, an operation
that is entangling.
Further insights follow from rewriting Ûl;lþ1 in terms of

an effective Hamiltonian generator for spin-spin inter-
actions between the two ensembles. We find

Ûl;lþ1ðδl; δlþ1; χÞ ¼ exp

 
i
X2S
q¼0

aqðŜl · Ŝlþ1Þq
!
; ð25Þ

where the coefficients aq can be obtained from the phase
shifts θJ. In the previously studiedS ¼ 1=2 case [21–23],we
have amassive simplification, as theHamiltonian in Eq. (25)
reduces to a simple Heisenberg interaction Ŝl · Ŝlþ1. In
contrast, for the more general case of arbitrary spin S
considered in our work, Eq. (25) is highly nontrivial, as it
is the sum of many different multibody interaction terms.
Having understood how to construct a unitary of

the required form corresponding to a nearest-neighbor

permutation Pl;lþ1, we can return to the general case where
the detunings in the Hamiltonian are obtained from a
general permutation P acting on the dimerized ordering
δ⃗init. This general permutation can be written as a product of
nearest-neighbor permutations. It follows that the needed
unitary Ûðδ⃗init → δ⃗Þ can be obtained as product of nearest-
neighbor operations Ûl;lþ1ðδl; δlþ1; χÞ, specified by the
decomposition of P into nearest-neighbor swaps. We thus
obtain

jψ ðLÞ
ss i ¼ Ûðδ⃗init → δ⃗Þ

�
⨂
L=2

k¼1

jψ ð2Þ
ss i2k−1;2k

�
: ð26Þ

We thus have a concrete way of understanding the broad
class of steady states that can be generated through our
reconfigurable dynamics. Our result also provides a useful
circuit decomposition for the quantum channel generated
by infinite-time evolution under the Lindbladian in Eq. (2)
(with detunings satisfying the constraints in Sec. II). We
show this explicitly in Fig. 5(b) for an example with L ¼ 4.
The infinite-time evolution of our Lindblad master equation
is a quantum channel (E1234) that converts an arbitrary state
into the steady state. For the case of δ1 ¼ −δ4, δ2 ¼ −δ3,
our analysis decomposes this quantum channel into quan-
tum channels for two spin ensembles (E12 and E34) and then
applies Û23 and U34 to swap the detunings sequentially. In
computer science, forming an ordered list of numbers via
nearest-neighbor permutations is known as “bubble sort”
and it requires OðL2Þ permutations in the worst case. This
sets an upper bound for the number of nearest-neighbor
operations in Eq. (26).
Equation (26) shows that, by using an ordering of

detunings that is not simply dimerized, we can produce
steady states with more complex entanglement properties.
In Figs. 5(c) and 5(d), we numerically calculate the von
Neumann entanglement entropy for the four-ensemble
steady state in the case of S ¼ 10. Here, we use subscripts
to label the indices of spin ensembles included in a reduced
density matrix. For example, ρ̂12 is the reduced two-
ensemble density matrix formed by tracing out ensembles

3 and 4, i.e., ρ̂12 ¼ tr34ðjψ ð4Þ
ss ihψ ð4Þ

ss jÞ. The von Neumann
entanglement entropy for ρ̂12 is given by SvNðρ̂12Þ ¼
−tr½ρ̂12 lnðρ̂12Þ�. The case of δ1 ¼ −δ2, δ3 ¼ −δ4 is shown
in Fig. 5(c). For this choice, we find SvNðρ̂12Þ ¼ 0,
implying that ρ̂12 is a pure state. This agrees with the
dimerized structure predicted in Eq. (20). The case of
δ1 ¼ −δ4, δ2 ¼ −δ3 is shown in Fig. 5(d). Here, we instead
find SvNðρ̂12Þ; SvNðρ̂13Þ; SvNðρ̂14Þ ≠ 0, indicating the exist-
ence of true multipartite entanglement between all spin
ensembles. In both Figs. 5(c) and 5(d), the entanglement
entropy vanishes below a threshold Ω < Sχ, where the
steady state is approaching a product state of the four spin

ensembles, jψ ð4Þ
ss i≈ ⊗l jS;−Sil.
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B. Entanglement-enhanced metrology
with multiple spin ensembles

There is growing interest in extending quantum-enhanced
metrology to setups with many spatially separated spin
ensembles [26,62], opening new frontiers in nonlocal-field
sensing, multiparameter estimation, and environmental-noise
mitigation. Here, we show that the unique entanglement
properties of our many-ensemble steady state [see Eq. (26)]
can be directly harnessed as a metrological resource. We focus
on the case of four spin-S ensembles with δ1 ¼ −δ4 ¼ ΔA=2,
δ2 ¼ −δ3 ¼ ΔB=2 as aconcrete example.Note that thegeneral
structure here can be exploited for even larger values of L.
We first demonstrate that this parametrized family of

four-ensemble entangled states can be tuned so as to change
how quantum-metrological enhancement is distributed
between different ensembles. We consider the QFI matrix
for operators Ŝzl ,

F kl ¼ 4 covðŜzk; Ŝzl Þss: ð27Þ
In the large-Rabi-drive limit (Ω → ∞), it is possible to
diagonalize F kl analytically (see Appendix C). The matrix
is diagonalized by the Hadamard matrix

H4 ¼

0
BBBB@

1 1 1 1

1 −1 1 −1
1 1 −1 −1
1 −1 −1 1

1
CCCCA: ð28Þ

Here, we consider the small detuning regime ΔA;ΔB < Sχ.
In this regime, there are two dominant orthogonal modes
(generators) that exhibit a quantum-metrological enhance-
ment with HL scaling in S,

Fþ−þ− ¼ 4 varðŜz1 − Ŝz2 þ Ŝz3 − Ŝz4Þss;
Fþ−−þ ¼ 4 varðŜz1 − Ŝz2 − Ŝz3 þ Ŝz4Þss: ð29Þ

In Fig. 6(a), we show both Fþ−þ− and Fþ−−þ in the large-
Rabi-drive limit. Fþ−þ− dominates when jΔAj > jΔBj,
while Fþ−−þ dominates when jΔAj < jΔBj. In Fig. 6(b),
we optimize Ω, ΔA, and ΔB to calculate the maximal QFI.
One sees clearly that both ½Fþ−þ−�max and ½Fþ−−þ�max
show Heisenberg scaling with increasing spin size S. It is
worth mentioning that Fþ−−þ reaches its maximum at a
finite Ω [see Fig. 6(c)]. Considering the prefactor of the
Heisenberg scaling, we find that the maximal QFI for both
cases approaches 64SðSþ 1Þ=3.
We thus see that the specific family of stabilized four-

ensemble entangled states analyzed here can provide a
metrological advantage for distributed sensing tasks, where
one wishes to estimate parameters that couple in a struc-
tured manner to all four ensembles. We now discuss
potential practical applications of this ability. Using many
spin ensembles, one can naturally consider the sensing of a
spatially varying field fðxÞ in 1D, where x is discretely

sampled by the spins in ensemble lwhich are localized near
x ¼ xl. Suppose fðxÞ is a slowly varying function near
position xc, one can approximate fðxÞ using the Taylor
expansion, fðxÞ≈fðxcÞþðx−xcÞf0ðxcÞþ1

2
ðx−xcÞ2f00ðxcÞ,

where the first-order derivative f0ðxcÞ and the second-order
derivative f00ðxcÞ are the gradient and curvature, respec-
tively. If we place two spin ensembles at positions
xl ¼ xc þ ðl − 3=2Þd, where l ¼ 1, 2 and d is the separa-
tion distance, we can measure the gradient f0ðxcÞ using the
differential sensing protocol discussed in Sec. III B. If,
instead, we place four spin ensembles at positions xl ¼
xc þ ðl − 5=2Þd with l ¼ 1, 2, 3, 4, the Hamiltonian for the
spatially varying field is given by

Ĥfield ¼
X4
l¼1

fðxlÞŜzl

≈
�
fðxcÞ þ

5d2

8
f00ðxcÞ

	�
Ŝz1 þ Ŝz2 þ Ŝz3 þ Ŝz4

�

−
d
2
f0ðxcÞ

�
3Ŝz1 þ Ŝz2 − Ŝz3 − 3Ŝz4

�

þ d2

2
f00ðxcÞ

�
Ŝz1 − Ŝz2 − Ŝz3 þ Ŝz4

�
: ð30Þ

FIG. 6. (a) Steady-state QFI Fþ−þ− and Fþ−−þ (see text for
definitions) associatedwith estimating different differential param-
eters in a four spin ensemble setup (with each ensemble having
S ¼ 10). The sensing state is the steady-state of our dynamics in the
large-Rabi-drive limit, with drive detunings δj set to δ1 ¼
−δ4 ¼ ΔA=2, δ2 ¼ −δ3 ¼ ΔB=2. The regime with jΔAj > jΔBj
favors Fþ−þ−, while the regime with jΔBj > jΔAj favors Fþ−−þ.
(b) Scaling of the maximum QFI for both composite parameters
after optimizing over Ω, ΔA, and ΔB. Heisenberg scaling can be
reached for both cases. (c) Fþ−−þ in the case of S ¼ 10 as a
function of Rabi drive amplitude Ω. We fix ΔA ¼ 0 and ΔB ¼ 8χ.
The inset shows thatFþ−−þ captures the sensitivity for estimating
the curvature of a spatially varying field. The blue line, orange

points, and yellow points describe the cases without noise (jψ ð4Þ
ss i),

with maximal common-phase noise (ρ̂c), and with both maximal
common-phase noise and gradient noise (ρ̂cþg), respectively.
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Based on Eq. (30), the effects of the curvature f00ðxcÞ can be
described by the following unitary evolution (removing the
common phase), Ûϕ̃ ¼ e−iϕ̃ðŜ

z
1
−Ŝz

2
−Ŝz

3
þŜz

4
Þ. Therefore, our

steady-state solution can be directly applied to curvature
measurements and the sensitivity is captured by the
QFI Fþ−−þ.
Our class of four-ensemble entangled states has

another strong advantage: Not only can it provide a
quantum enhancement for estimating the curvature of a
spatially varying field, it can do this with robustness against
various kinds of phase noise. We imagine a situation where
the goal is to estimate the value of the curvature of a
spatially varying field fðxÞ, despite possible noise and
uncertainty in the average value and gradient of the
field. For four spin ensembles with positions xl
chosen as before, the unitary evolution due to a common
phase θ is described by Ûθ ¼ e−iθðŜ

z
1
þŜz

2
þŜz

3
þŜz

4
Þ. In contrast,

the evolution due to the gradient of the field fðxÞ
corresponds to Ûϕ ¼ e−iϕð3Ŝ

z
1
þŜz

2
−Ŝz

3
−3Ŝz

4
Þ. Similar to the

two-ensemble case analyzed in Sec. III D, phase fluctua-
tions of laser beams can lead to large common-phase
noise, implying evolution under a random common
phase θ. The resulting corrupted four-ensemble sensor

state is then ρ̂c ¼
R ½ðdθÞ=ð2πÞ�Ûθjψ ð4Þ

ss ihψ ð4Þ
ss jÛ†

θ. One
can further include large fluctuations of a field gra-
dient and consider the density matrix, ρ̂cþg ¼R ½ðdθÞ=ð2πÞ�½ðdϕÞ=ð2πÞ�ÛϕÛθjψ ð4Þ

ss ihψ ð4Þ
ss jÛ†

θÛ
†
ϕ. Note

that the uniform distribution over 2π is the worst-case
scenario, since any probability distribution can be reduced
to the uniform distribution by randomizing the common
phase and the field gradient. In Fig. 6(c), we numerically

estimate the QFI of Fþ−−þ for jψ ð4Þ
ss i, ρ̂c, and ρ̂cþg. We see

that, even with maximal amounts of common-phase noise
and gradient noise, the reduction of the QFI associated with
estimating the field curvature is remarkably small.

V. STABILIZING SPT ORDER IN 1D CHAINS
OF SPIN ENSEMBLES

A. Motivation and connection to sequential
quantum circuits

We now segue away from exploring the metrological
utility of the entangled states stabilized by our scheme and,
instead, discuss how these states can possess more general
many-body and topological features. From a broad per-
spective, setting χ ≠ 0 (i.e., nonzero chiral spin-exchange
interaction) leads to a 1D ordering of the ensembles, so
steady states realized in our setup correspond to pure
entangled states of an effective 1D chain of spin-S
ensembles.
Depending on the choice of drive detunings in the system

Hamiltonian, output states from a variety of quantum
circuits can be obtained as the dissipative steady states

[see Eq. (26)]. In this section, we focus on a nontrivial
subset of them known as sequential quantum circuits
(SQCs), i.e., a linear-depth circuit with each layer acting
on only one subregion in the system. SQCs play an
important role in the preparation of matrix product states
(MPSs) and other tensor-product states [63–66], as well as
connecting different gapped quantum phases [31]. We
show that the class of steady states as outputs of SQCs
has a natural MPS description with a low bond dimension,
and, in appropriate limits, one can achieve symmetry-
protected topological order [29,30].
As a specific example, we show how to stabilize the

spin-1 AKLT state using S ¼ 1=2 ensembles. Initially
proposed to gain analytical insight into Haldane’s
conjecture [67] for ground states of the 1D integer-spin
antiferromagnetic Heisenberg model, spin-1 AKLT
states [32,33] serve as a paradigmatic example of SPT
order [29,30] and are an important resource state for
measurement-based quantum computation [68,69]. We fur-
ther discuss the stabilization of a continuum of states in the
same SPT phase and the generalization to higher-spin S.
It is also worth emphasizing that viewing the dissipative

steady state as the output state of a quantum circuit [see
Eq. (26)] is a useful way of understanding the final steady
state, but does not reflect the actual time dynamics of the
dissipative evolution (i.e., unlike Ref. [70], we are not
directly encoding a unitary circuit into a sequence of
dissipators).

B. MPS representation

As shown in Fig. 7(a), we consider an even number L of
spin-S ensembles with χ ≠ 0. In our scheme, a particularly
simple way of achieving a three-parameter ðΔe;Δb; χÞ
family of SQCs is to use a detuning pattern δ1 ¼ Δe=2,
δL ¼ −Δe=2 on the edges, and δ2k ¼ Δb=2, δ2kþ1 ¼
−Δb=2 in the bulk, with k ¼ 1; 2;…; L=2 − 1. Notice that
we have equal-in-magnitude, opposite-sign detuning pairs
on adjacent sites except at the edges. This corresponds to
starting with a perfectly dimerized ordering of detunings
and then swapping a single detuning −Δe=2 across the
whole 1D chain, moving it to the end.
Recall from Sec. IV that the permutation P, which maps

the perfectly dimerized configuration to the actual ordering
of detunings, determines the form of the unitary operator Û

to construct the steady state jψ ðLÞ
ss i. For the detuning pattern

specified above, Eq. (26) simplifies to a “staircase” circuit
[see Fig. 7(b)], in which we alternately apply quantum
gates Ûð−Δe=2;Δb=2; χÞ (purple boxes) to ensemble pairs
ð2k; 2kþ 1Þ and Ûð−Δe=2;−Δb=2; χÞ (green boxes) to
pairs ð2kþ 1; 2kþ 2Þ, starting from the dimerized initial

state ⨂L=2
k¼1jψ ð2Þ

ss i2k−1;2k (two blue boxes connected by a
bond). Here, the quantum gates are given by Eqs. (22) and
(24), in which we are dropping the subscripts to emphasize
the translationally invariant structure of quantum gates.
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From the circuit description in Fig. 7(b) of the resulting
state, one can identify a translationally invariant structure
based on a two-ensemble unit cell (depicted by red dashed
lines). This allows us to describe the final state (i.e., the
steady state) as a translationally invariant MPS with open
boundary conditions. Using a product-state basis of Ŝzj
eigenstates, jmi≡⨂L

j¼1jS;mji, the MPS representation of
our steady state can be written as

���ψ ðLÞ
ss

E
¼
X
m

ðvm1

leftÞT
 YL=2−1

k¼1

Am2km2kþ1

!
vmL
rightjmi: ð31Þ

Here, Am2km2kþ1 is the translationally invariant MPS matrix
corresponding to the basis state jS;m2kijS;m2kþ1i of a
given two-ensemble unit cell. From Fig. 7(b), we see that
the bond dimension of this matrix is 2Sþ 1. The left and
right boundary vectors vm1

left and vmL
right are uniquely deter-

mined by the form of the steady-state and are defined in
Appendix D.
In the following, we mainly focus on the large-Rabi-

drive limit (Ω → ∞), both to gain analytical insight and to
highlight the resulting emergent symmetries. In this limit,

the initial dimerized state ⊗L=2
k¼1 jψ ð2Þ

ss i2k−1;2k in Eq. (26)

becomes a tensor product of maximally entangled ensem-
ble pairs ⨂L=2

k¼1jJ ¼ 0; m ¼ 0i2k−1;2k. This state is often
termed the spin-S dimer state of a 1D chain. This state is
the steady state of our scheme when we tune Δe ¼ Δb ¼ 0,
as, in this limit, all the quantum gates become identity
matrices [as per Eq. (26)]. For general choices of Δe and
Δb, it is more convenient to focus on the MPS
matrices Am2km2kþ1 and transform to the total-angular-
momentum basis in the two-ensemble unit cell, AJm ¼P

m2km2kþ1
hS;m2k; S;m2kþ1jJ;miAm2km2kþ1 . Then, one can

obtain

½AJm�αβ ¼
ð−1ÞSþβffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ 1

p hS; α; S;−βjJ;mifJðΔe;Δb; χÞ; ð32Þ

where the subscripts α; β ¼ −S;…; S are the internal bond-
dimension indices. Calculation details and the general
analytical form of the amplitudes fJðΔe;Δb; χÞ are dis-
cussed in Appendix D.
Equation (32) shows that the MPS matrices factorize in

the large-Ω limit: The matrix structure ofAJm is determined
only by Clebsch-Gordan coefficients, and the control
parameters Δe;Δb; χ enter only through an overall
J-dependent scalar prefactor. The form of Eq. (32) indicates
that the MPS is invariant under a global on-site SO(3)
symmetry [71]. At the physical level, this symmetry
emerges in the large-Ω limit as each dimer in the input
to our circuit is in the jJ ¼ 0; m ¼ 0i state (no preferred
axis for rotation), and the unitaries in the form of Eq. (22)
always preserve this symmetry. For a finite Rabi drive Ω,
the structure of the staircase quantum circuit remains the

same with a general input state ⊗L=2
k¼1 jψ ð2Þ

ss i2k−1;2k. In this
case, it is more cumbersome to write down closed-form
expressions for the MPS matrices, since they no longer
exhibit the simple factorization in Eq. (32).
We return to the large-Ω limit and consider some special

illustrative cases of Eq. (32). To get a sense of the kinds of
states described by this form, we start by taking the fJ as
arbitrary parameters. One simple case is fJ ¼ 1 for all J:
this is just the spin-S dimer state introduced earlier, where
the dimers are located between the two-ensemble unit cells.
This choice of fJ and the corresponding state are achiev-
able in our setup by setting Δe ¼ Δb ¼ 0. Another special
case is where only one value of J ¼ J0 is allowed, i.e., fJ
vanishes for J ≠ J0. In this case, Eq. (32) describes the
spin-J0 valence-bond solid (VBS) state with virtual spin-S
particles [72]. For J0 ¼ 2S, the VBS state is also known as
the spin-2S AKLT state [32,33]. In our model, one can
attempt to tune detunings and χ to achieve a desired pattern
of the fJ and a given target state. For general S, there is
insufficient tunability to have only one fJ be nonzero and
hence stabilize a general VBS state. There is, however, an
important and interesting exception: As we now show, for

FIG. 7. (a) We consider an even number L of spin-S ensem-
bles placed in a 1D spin chain and set their detunings as
δ1 ¼ Δe=2, δL ¼ −Δe=2, δ2k ¼ Δb=2, δ2kþ1 ¼ −Δb=2, with
k ¼ 1; 2;…; L=2 − 1. (b) The steady-state solution is the same
as the output state of a staircase quantum circuit: Starting from the
initial dimerized state (two blue boxes linked by a bond), we
apply quantum gates Ûð−Δe=2;Δb=2; χÞ (purple boxes) and
Ûð−Δe=2;−Δb=2; χÞ (green boxes) alternately. The red dashed
line marks the translationally invariant structure for constructing a
MPS. (c) Upper: the schematic of the spin-1 AKLT state, which is
formed by projecting every unit cell between the spin-1=2 dimers
to total spin 1. Lower: the relaxation timescale tss for reaching the
steady state with χ ¼ Γ. We also set Δe ¼ 0 and Δb ¼

ffiffiffi
2

p
χ,

which make the steady state equal to the spin-1 AKLT state in the
large-Rabi-drive limit. The inset shows the fidelity between our

steady-state solution jψ ðLÞ
ss i and the spin-1 AKLT state as a

function of Ω=χ. The line colors specifying the system size L in
the inset also apply to the data points in the main plot.
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S ¼ 1=2, it is possible to set parameters such that the steady
state exactly coincides with the spin-1 AKLT state.

C. Stabilization of spin-1 AKLT states

In the case of S ¼ 1=2 in our scheme, the tunability of
Δe=χ and Δb=χ allows for the dissipative stabilization of
the iconic spin-1 AKLT states. For S ¼ 1=2, the MPS bond
dimension is 2, and Eq. (32) becomes

A1;1 ¼ f1ffiffiffi
2

p σþ; A1;0 ¼ −
f1
2
σz; A1;−1 ¼ −

f1ffiffiffi
2

p σ−;

A0;0 ¼ −
f0
2
I; ð33Þ

where I is the 2 × 2 identity matrix, and σ� and σz are Pauli
matrices. The coefficients f1 and f0 are given by

f1 ¼ −
χ2 þ iχΔb
ðΔe þ ΔbÞ=2þ iχ

�
ðΔe − ΔbÞ=2þ iχ
� ;

f0 ¼
ðΔ2

b − Δ2
eÞ=2 − χ2 þ iχΔe
ðΔe þ ΔbÞ=2þ iχ
�
ðΔe − ΔbÞ=2þ iχ

� : ð34Þ

We see that f0 ¼ 0 can be achieved by tuning Δe ¼ 0 and
Δb ¼ � ffiffiffi

2
p

χ, thus realizing the exact MPS matrices of
the spin-1 AKLT state. As shown in the upper panel of
Fig. 7(c), one can understand the spin-1 AKLT state as
projecting every unit cell between the spin-1=2 dimers
(singlets) to total spin 1. It is worth mentioning that the
AKLT state we dissipatively stabilized is unique (see
Appendixes D and F). Nevertheless, one can still access
the four different AKLT states with open boundary con-
ditions depending on the projective measurement outcome
of the two edge qubits [73].
To understand whether this exact stabilization of the

spin-1 AKLT state has practical relevance, we need to
additionally analyze the relaxation time of the dynamics in
Eq. (2) when tuned to the AKLT parameters (Δe ¼ 0 and
Δb ¼ � ffiffiffi

2
p

χ) and what happens when the drive amplitude
Ω is finite. We will be interested in seeing how the
relaxation time scales as we increase the system size L.
Here, we use two different metrics: (i) tss, the timescale for

reaching the steady state jψ ðLÞ
ss i when Ω=χ remains fixed as

L increases (note that, in this case, the fidelity with the ideal

AKLT state jψ ðLÞ
AKLTi will decrease with increasing system

size) and (ii) tAKLT, the timescale for reaching the steady

state jψ ðLÞ
ss i when fixing the fidelity overlap between the

steady state and the ideal AKLT state, i.e., jhψ ðLÞ
ss jψ ðLÞ

AKLTij2.
In this case we need to increase Ω=χ with increasing
system size.
We start by considering the first case, i.e., tss, with fixed

system parameters. Similar to Sec. III C, we define tss in the
following way: For t > tss, the fidelity with the steady state,

FðtÞ ¼ tr½jψ ðLÞ
ss ihψ ðLÞ

ss jρ̂ðtÞ�, satisfies 1 − FðtÞ < 10−3. We
consider the initial state where all the spins are pointing
down and numerically compute tss via exact evolution of
the Lindblad master equation. In Appendix B, we show that
optimal tss can be achieved near χ ¼ Γ for fixed Γ andΩ=χ,
and the deviation from χ ¼ Γ reduces as we increase L.
Therefore, we show tss with χ ¼ Γ as an upper bound of the
optimal relaxation timescale in the bottom panel of
Fig. 7(c).
Remarkably, although dissipative stabilization at

χ ¼ Γ (unidirectional propagation) share similarities with
the SQC structure of our steady state, we find that
Γtss=ð2πÞ ≈ ðΩ=χÞ2gðLÞ, where gðLÞ is a function that
depends only weakly on the system size L, as suggested by
numerical calculations up to L ¼ 10 (see Appendix B for
further discussions). This is in contrast to an SQC where
preparation time (circuit depth) is simply proportional to
system size L. As we already mentioned, the SQC with
only nearest-neighbor quantum gates does not reflect the
actual dissipative dynamics, since the collective dissipation
and interactions in our system [see Eq. (2)] allow spins to
interact with one another instantaneously, regardless of
their distance. Note that the weak dependence of system
size for tss is also reported for dissipative stabilization of a
different class of states in a related driven-dissipative
setup [74].
We next discuss the timescale tAKLT relevant for the

preparation of approximate AKLT states with a “fixed
fidelity”with the ideal AKLT state. As shown in the inset of

Fig. 7(c), for a fixed value ofΩ=χ, the fidelity with jψ ðLÞ
AKLTi

decreases slowly as we increase the system size L. To
maintain the same fidelity, one has to compensate by
increasing Ω=χ. We further explore this trade-off in
Appendix D, where we find that the preparation time for
a fixed fidelity target scales as tAKLT ∝ LgðLÞ. Our scheme
serves as a promising protocol for dissipative stabilization
of spin-1 AKLT states. Compared to other dissipative
stabilization schemes for such states [45,75–78], our
scheme features a more favorable scaling of tAKLT with
system size and requires only a single dissipator, which is
more directly compatible with existing cavity QED plat-
forms. More importantly, unlike other approaches, our
scheme is capable of stabilizing more than just the
AKLT state. As we have stressed, our setup is easily
reconfigurable (e.g., just change drive detunings), leading
to a broad class of many-body entangled steady states. We
will further explore the tunability in the following
subsection.

D. Tunability and string order for arbitrary spin S

Apart from the spin-1 AKLT state, the reconfigurable
nature of our scheme allows one to stabilize a class of
entangled MPS steady states simply by changing detunings
[see Eq. (32)]. To get an idea of the richness of steady
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states, we use the same specific parametrized detuning
pattern in Fig. 7(a) with arbitrary Δe andΔb, and again take
the large-Ω limit. We characterize the resulting two-
parameter family of states, in the limit of infinite system
size and arbitrary spin S.
Similar to the spin-1 AKLT state, the states we obtain in

this limit [described by Eq. (32)] do not exhibit any long-
range order when looking at conventional spin-spin corre-
lation functions, e.g.,

hŜzkŜzl i − hŜzkihŜzl i ∼ e−jl−kj=Lcorr ; ð35Þ

with Lcorr the spin-spin correlation length. In contrast, the
string order parameter [79–81]

OðzÞ
stringðφÞ ¼ lim

jl−kj→∞

D
ðŜz2k þ Ŝz2kþ1Þ

× eiφ
P

l−1
q¼k

ðŜz
2qþŜz

2qþ1
ÞðŜz2l þ Ŝz2lþ1Þ

E
ð36Þ

remains nonzero in the large-distance limit. Note that the

nonzero string order parameter OðzÞ
stringðφÞ indicates the

existence of the hidden long-range order of antiferromag-
netism. In particular, in the presence of SO(3) symmetry

[cf. Eq. (32)], the nonzero OðzÞ
stringðπÞ indicates the existence

of SPT order [82]. We analyze the correlation length Lcorr

and the string order parameter OðzÞ
stringðφÞ using the transfer-

matrix technique of infinite MPS [71] (see Appendix D for
technical details).
We first consider the range of states generated with

S ¼ 1=2 [see Eq. (33)] as we tune system parameters Δe
and Δb [see Fig. 8(a)]. In the left panel of Fig. 8(a), we see
that the correlation length Lcorr in the pure steady state can
be continuously tuned all the way from 0 to arbitrarily large
values. The lines with Lcorr ¼ 0 are known as disorder lines
and correspond to the condition jf0j ¼ jf1j on the MPS
matrices [cf. Eq. (33) and Appendix D]. These lines
can be realized with system parameters Δ2

b ¼ Δ2
e or

Δ2
b ¼ Δ2

e þ 8χ2. In contrast, arbitrarily large correlation
lengths Lcorr can be achieved in the regime Δe ≫ Δb; χ.
The string order parameter for S ¼ 1=2 is given by

OðzÞ
stringðφÞ ¼

1

4
jf1j4 sin2

�
φ

2

	
; ð37Þ

indicating that maximal string order is achieved for an
angle φ ¼ π. As shown in the right panel of Fig. 8(a),

OðzÞ
stringðπÞ reaches its maximum value 4=9 for parameters

corresponding to the spin-1 AKLT state (Δe ¼ 0 and
Δb ¼

ffiffiffi
2

p
χ).

Note, crucially, that for any finite value of Δe=χ and

Δb=χ, Lcorr remains finite and OðzÞ
stringðπÞ is always nonzero

[see Fig. 8(a)]. This result indicates that all the states in

Eq. (33) have SPT order and belong to the same phase as
the spin-1 AKLT state. This agrees with Ref. [83], which
argued that the parametrized MPS in Eq. (33) with S ¼ 1=2
serves as a path smoothly connecting spin-1=2 dimer and
spin-1 AKLT states. This type of SPT order is due to the
emergent SO(3) symmetry in the large-Ω limit indicated by
Eq. (32). For a finite Rabi driveΩ, strictly speaking, there is
no true SPT order, as the string order parameter will decay
to zero at infinite distance. However, for any finite system
size, one can always increaseΩ to realize an approximation
of SPT order, where the string order parameter remains
nonzero over a distance much larger than system size (see
Appendix D).
As we have emphasized, a key virtue of our setup is its

extreme flexibility. We now show that the above construc-
tion with S ¼ 1=2 directly generalizes to arbitrary spin-S
ensembles on each site. One can show that the correlation
length Lcorr remains finite for the general case, i.e., all the
states in the large-Ω limit lie in the same phase. We then
perform an analytical calculation of the string order
parameter for arbitrary spin S, similar to Refs. [80,81].
As shown in Appendix D, it is possible to separate the
dependence of system parameters Δe;Δb; χ and the
dependence of the angle φ,

FIG. 8. (a) Correlation length Lcorr (left) and string order

parameter OðzÞ
stringðπÞ (right) in the dissipative steady state for

S ¼ 1=2, as a function of Δe=χ and Δb=χ (and in the large-Rabi-
drive limit). The blue star (circle) marks detuning choices that
yield the spin-1 AKLT state (spin-1=2 dimer state). (b) Depend-

ence of the string order parameter OðzÞ
stringðφÞ on the angle φ. We

set Δe ¼ 0 and Δb ¼
ffiffiffi
2

p
χ [parameters for spin-1 AKLT state in

the case of S ¼ 1=2, blue star in (a)] and extend the calculation to
S > 1=2. (c) Scaling of the maximum value of the string order
parameter as a function of S. We optimize over system parameters
Δe=χ and Δb=χ and angle φ, and compare with spin-2S AKLT
states and spin-S dimer states.
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OðzÞ
stringðφÞ¼

�X2S
J¼0

JðJþ1Þð2Jþ1Þ
2SðSþ1Þð2Sþ1Þ3 jfJj

2

	
2

½hðφÞ�2; ð38Þ

where hðφÞ is a universal function for spin-S ensembles,

hðφÞ ¼
XS
α¼−S

α sinðαφÞ: ð39Þ

Notice that we have OðzÞ
stringðπÞ ¼ 0 for integer S (no SPT

order), and OðzÞ
stringðπÞ > 0 for half-integer S (SPT order).

This result agrees with the discussions of spin-2S AKLT
states in Ref. [30]. We show the distinct dependence of the
angle φ for different spin S in Fig. 8(b).
As we mentioned previously, except for the case of

S ¼ 1=2, the tunability of Δe=χ and Δb=χ is not sufficient
to exactly realize the spin-2S AKLT state. To provide a
sense of how close one can approach a spin-2SAKLT state,
in Fig. 8(c) we plot the maximum achievable string order

parameter ½OðzÞ
stringðφÞ�max by optimizing the detuning

parameters Δe=χ and Δb=χ and the angle φ. Note that,
if one considers fJ as arbitrary parameters, spin-2S AKLT
states have the largest string order parameter among all the
states of the form of Eq. (32). We find that, for small spin S,

½OðzÞ
stringðφÞ�max is fairly close to the value of spin-2S AKLT

states, and it saturates to roughly a factor of 2 smaller as we
increase S.

VI. CONCLUSION AND OUTLOOK

We proposed a reconfigurable dissipative platform
capable of stabilizing a broad class of exactly solvable
pure entangled states between multiple spin ensembles. The
scheme employs a single collective decay process and
permutation-symmetry-breaking Hamiltonian terms, which
is easily tunable via the detuning pattern of Rabi drives.
This general approach opens exciting new prospects for
robust quantum sensing and many-body state engineering,
including Heisenberg-limited differential and curvature
sensing and the stabilization of 1D SPT states such as
the spin-1 AKLT state.
The results presented here open several avenues for

further exploration. On the metrological side, distributed
quantum sensing [84] represents a particularly appealing
application. While explicitly analyzed for two- and four-
ensemble configurations, our approach can be scaled to
larger networks, potentially enabling spatially resolved
field detection and improved sensitivity scaling with
system size. On the state-engineering side, it is intriguing
to explore dissipative stabilization schemes for more
complex many-body states. For example, our approach
suggests a natural route toward realizing higher-spin AKLT
states by further increasing the tunability of the setup by
adding additional Hamiltonian terms that have the form of

rank-one spherical tensors. Another interesting direction is
to increase complexity by having multiple spin ensembles
now with different sizes (see Ref. [85] for a related mean-
field study). In addition, the stabilized states in our scheme
bear a clear resemblance to quantum spin liquids [86], both
consisting of superpositions of singlets with zero total
angular momentum. This analogy suggests that our frame-
work might be extendable to the dissipative preparation of
spin-liquid states.

ACKNOWLEDGMENTS

We thank Ruben Verresen for many useful discussions.
This work was primarily supported by the DOE Q-NEXT
Center (Grant No. DOE 1F-60579). A. A. C. acknowledges
support from the Simons Foundation (Grant No. 669487).

DATA AVAILABILITY

The data that support the findings of this article are not
publicly available upon publication because it is not
technically feasible and/or the cost of preparing, depositing,
and hosting the data would be prohibitive within the terms
of this research project. The data are available from the
authors upon reasonable request.

APPENDIX A: ANALYTIC CALCULATION IN
THE TOTAL-ANGULAR-MOMENTUM BASIS

Here, we provide detailed analytical calculations in the
total-angular-momentum basis for the following quantities:

BJ;m ¼ hJ þ 1; mjŜz1 − Ŝz2jJ;mi;
CJ;m ¼ hJ þ 1; mjŜþ1 Ŝ−2 − Ŝ−1 Ŝ

þ
2 jJ;mi;

Bþ
J;m ¼ hJ þ 1; mþ 1jŜþ1 − Ŝþ2 jJ;mi;

B−
J;m ¼ hJ þ 1; m − 1jŜ−1 − Ŝ−2 jJ;mi: ðA1Þ

We consider spherical tensors [87] of rank k, which

are a set of 2kþ 1 operators written as T̂ðkÞ
q , with

q ¼ −k;−kþ 1;…; k. These operators transform under
rotation with exactly the same matrix of coefficients as
angular-momentum eigenstates jk; qi. Notice that Ŝz1,
−Ŝþ1 =

ffiffiffi
2

p
, and Ŝ−1 =

ffiffiffi
2

p
are k ¼ 1 spherical tensors acting

on subsystem 1 (with q ¼ 0; 1;−1, respectively), and Ŝz2,
−Ŝþ2 =

ffiffiffi
2

p
, and Ŝ−2 =

ffiffiffi
2

p
are k ¼ 1 spherical tensors acting on

subsystem 2 (with q ¼ 0; 1;−1, respectively). Therefore,
we can conclude that Ŝz1 − Ŝz2 is a spherical tensor with
k ¼ 1 and q ¼ 0; −ðŜþ1 − Ŝþ2 Þ=

ffiffiffi
2

p
is a spherical tensor

with k ¼ 1 and q ¼ 1; and ðŜ−1 − Ŝ−2 Þ=
ffiffiffi
2

p
is a spherical

tensor with k ¼ 1 and q ¼ −1.
For Ŝþ1 Ŝ

−
2 − Ŝ−1 Ŝ

þ
2 , we consider the combination of

spherical tensors,
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T̂ðkÞ
q ¼

X
q1q2

hk1q1; k2q2jkqiÛðk1Þ
q1 V̂ðk2Þ

q2 ; ðA2Þ

where Ûðk1Þ
q1 and V̂ðk2Þ

q2 are arbitrary spherical tensors. This
equation leads to

T̂ð1Þ
0 ðŜ1Ŝ2Þ ¼ −

1

2
ffiffiffi
2

p ðŜþ1 Ŝ−2 − Ŝ−1 Ŝ
þ
2 Þ: ðA3Þ

Therefore, −ðŜþ1 Ŝ−2 − Ŝ−1 Ŝ
þ
2 Þ=ð2

ffiffiffi
2

p Þ is a spherical tensor
with k ¼ 1 and q ¼ 0.
The Wigner-Eckart theorem for the matrix elements of

spherical tensors is given by [87]

hJmjT̂ðkÞ
q jJ0m0i ¼ ð−1Þ2khJ0m0; kqjJmihJjjT̂ðkÞjjJ0i; ðA4Þ

where hJjjT̂ðkÞjjJ0i is the reduced matrix element. For a

product of spherical tensors in the form of Eq. (A2), if Ûðk1Þ
q1

acts on subsystem 1 and V̂ðk2Þ
q2 acts on subsystem 2, the

relation between the reduced matrix elements is given
by [87]

hJjjT̂ðkÞjjJ0i ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2J0 þ1Þð2kþ1Þð2j1þ1Þð2j2þ1Þ

p

×

8<
:

J J0 k

j1 j01 k1
j2 j02 k2

9=
;hj1jjÛðk1Þjjj01ihj2jjV̂ðk2Þjjj02i;

ðA5Þ

where the curly bracket with nine elements is the so-called
Wigner’s 9-j symbol. A 9-j symbol is invariant under even
permutations of rows or columns, while odd permutations
yield a phase factor ð−1ÞP, where P is the sum of all the
nine elements. This symmetry property of the 9-j symbol as
well as the Clebsch-Gordan coefficient hJ0m0; kqjJmi
ensures that Eqs. (A1) and their complex conjugates are
all the nonzero matrix elements in the total-angular-
momentum basis.
Plugging in Eq. (A4) and Eq. (A5), we have

BJ;m ¼ 2 × hJ;m; 1; 0jJ þ 1; mið2Sþ 1Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2J þ 1Þ

p

×

8<
:

J þ 1 J 1

S S 1

S S 0

9=
;hSjjŜjjSi: ðA6Þ

The factor of 2 is generated by odd permutation of the 9-j
symbol, making −hJþ 1;mjŜz2jJ;mi ¼ hJþ 1;mjŜz1jJ;mi.
Similarly, we have

CJ;m ¼ −2
ffiffiffi
2

p
× hJ;m; 1; 0jJ þ 1; mið2Sþ 1Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3ð2J þ 1Þ

p

×

8<
:

J þ 1 J 1

S S 1

S S 1

9=
;hSjjŜjjSihSjjŜjjSi; ðA7Þ

where the factor −2
ffiffiffi
2

p
is generated by Eq. (A3). Using

hSjjŜjjSi ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SðSþ 1Þp

and the following property of 9-j
symbols [87],

8<
:

Jþ 1 J 1

S S 1

S S 1

9=
;¼ Jþ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2SðSþ 1Þp
8<
:

Jþ 1 J 1

S S 1

S S 0

9=
;; ðA8Þ

we have

CJ;m ¼ −ðJ þ 1ÞBJ;m: ðA9Þ

This result is directly relevant for the existence of the
SU(2)-symmetric unitary transformation in Eq. (22). Since
BJ;m and CJ;m are both matrix elements of spherical tensors
with k ¼ 1 and q ¼ 0, they share the same m dependence
due to the Wigner-Eckart theorem. This is the reason why
the phases θJ in Eq. (22) have no m dependence.
One can further simplify the formula of BJ;m using

analytical expressions of Clebsch-Gordan coefficients and
9-j symbols, leading to

BJ;m ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2S − JÞð2Sþ J þ 2ÞðJ þmþ 1ÞðJ −mþ 1Þ

ð2J þ 1Þð2J þ 3Þ

s
:

ðA10Þ

Following the same procedure, we can also provide
analytical calculations for Bþ

Jm and B−
Jm,

Bþ
J;m ¼ −

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2S− JÞð2Sþ Jþ 2ÞðJ þmþ 1ÞðJþmþ 2Þ

ð2Jþ 1Þð2Jþ 3Þ

s
;

ðA11Þ

B−
J;m ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2S − JÞð2Sþ J þ 2ÞðJ −mþ 1ÞðJ −mþ 2Þ

ð2J þ 1Þð2J þ 3Þ

s
:

ðA12Þ

APPENDIX B: RELAXATION TIMESCALE

1. Lower bound for two spin ensembles

Here, we derive a lower bound of the relaxation time-
scale to a pure steady state jψ ðLÞ

ss i based on Refs. [48,49].
We define relaxation time tss such that the fidelity with the
steady state FðtÞ ¼ tr½ρ̂ssρ̂ðtÞ� satisfies FðtÞ > 1 − ϵ for
t > tss, where ϵ is a small positive number, and
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ρ̂ss ¼ jψ ðLÞ
ss ihψ ðLÞ

ss j. A lower bound of tss is given as follows:

tss ≥
1 − ϵ − Fð0Þ
maxtj∂tFðtÞj

: ðB1Þ

We now provide an upper bound for maxt j∂tFðtÞj. Notice
that

j∂tFðtÞj ¼
���tr�ρ̂ss∂tρ̂ðtÞ���� ¼ ���tr�ρ̂ssLρ̂ðtÞ����

¼
���tr�ðL†ρ̂ssÞρ̂ðtÞ

����; ðB2Þ

where L is the Lindbladian defined as Lρ̂ ¼ −i½Ĥ; ρ̂�þP
μðK̂μρ̂K̂

†
μ − fK̂†

μK̂μ; ρ̂g=2Þ, and L† is the adjoint

Lindbladian defined as L†ρ̂¼ i½Ĥ; ρ̂�þPμðK̂†
μρ̂K̂μ −

fK̂†
μK̂μ; ρ̂g=2Þ, with K̂μ Lindblad jump operators. We

now apply the Cauchy-Schwarz inequality for operators,
jtrðÂ†B̂Þj2 ≤ trðÂ†ÂÞtrðB̂†B̂Þ, leading to

j∂tFðtÞj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr
�
ðL†ρ̂ssÞ†ðL†ρ̂ssÞ

�
trðρ̂2t Þ

r

≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
tr
�
ðL†ρ̂ssÞ†ðL†ρ̂ssÞ

�r
: ðB3Þ

Using the fact that a pure steady state satisfies
½Ĥ; ρ̂ss� ¼ K̂μρ̂ss ¼ 0, we have L†ρ̂ss ¼

P
μ K̂

†
μρ̂ssK̂μ, lead-

ing to

j∂tFðtÞj ≤
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiX
μν

jhψ ðLÞ
ss j½K̂μ; K̂

†
ν�jψ ðLÞ

ss ij2
s

: ðB4Þ

In our case, with a single jump operator
ffiffiffi
Γ

p P
j Ŝ

−
j , we

have

Γtss ≥
1 − ϵ − Fð0Þ���2hPjŜ

z
jiss
��� : ðB5Þ

In principle, the lower bound derived above can be
applied to any number of spin ensembles. For two spin
ensembles (L ¼ 2), this lower bound is relatively tight, as
we have shown in Fig. 3(b), and the optimal tss obtained
numerically is only a constant factor away. In this case, we
can further relate the lower bound of tss to the steady-state
spin squeezing, since hŜz1 þ Ŝz2iss ¼

P
2S
J¼0 jcJ;−Jj2ð−JÞ,

and varðŜy1 þ Ŝy2Þss ¼ 1
2

P
2S
J¼0 jcJ;−Jj2J. So, we have

Γtss ≥
1 − ϵ − Fð0Þ

4varðŜy1 þ Ŝy2Þss
: ðB6Þ

2. Further discussions in 1D chain

We have already shown the relaxation timescale tss for
the AKLT state (spin-1=2 case) in Fig. 7(c). Here, wewould
like to provide further numerical calculations for the
relaxation timescale in a 1D chain. In Fig. 9(a), we show
the relaxation timescale tss under the AKLT parameters
(Δe ¼ 0;Δb ¼

ffiffiffi
2

p
χ) as a function of the ratio χ=Γ. As we

increase the system size L, the optimal tss can be achieved
near χ ¼ Γ (unidirectional propagation). In this case, we
expect sequential relaxation, i.e., subensemble k will relax
in a faster rate compared to subensemble l if l > k, because
the information flows only in a single direction.
However, the existence of sequential relaxation in dis-

sipative dynamics does not mean that the relaxation time-
scale tss will simply be proportional to system size L. As
shown in Fig. 9(b), we keep the same detuning pattern [see
Fig. 7(a)] as the AKLT case and vary the bulk detuning Δb
(we set the edge detuningΔe ¼ 0). At χ ¼ Γ, the relaxation
timescale tss (an upper bound for the optimal tss) can be
approximated by

Γtss=ð2πÞ ≈
�
Ω
χ

	
2

gðLÞ: ðB7Þ

In the regime Δb ≪ χ, where the chiral coupling domi-
nates, we find gðLÞ depends linearly in L. While in the
regimeΔb ≫ χ, where the chiral coupling is not playing the
dominant role, we find gðLÞ is independent of L. The
AKLT case lies in between these two regimes and gðLÞ
depends weakly on L. We believe this occurs due to the
collective nature of the chiral spin-exchange coupling,
which means that the spins can interact regardless of their
distance.
It is worth mentioning that the relaxation timescale is

nearly the same as before and after detuning permutation in
a 1D chain, up to transient physics due to different overlap
between the initial state and the Liouvillian eigenstates.

FIG. 9. (a) Relaxation timescale tss for a spin-1=2 chain as a
function of χ=Γ and system size L. We consider the initial state as
all spins pointing down, set detunings to Δe ¼ 0, Δb=χ ¼ ffiffiffi

2
p

(the AKLT case), set Rabi drives to Ω=χ ¼ 3. Optimal tss can be
achieved near χ ¼ Γ (unidirectional propagation) as we increase
L. (b) At χ ¼ Γ, one can approximate the relaxation timescale by
Γtss=ð2πÞ ≈ ðΩ=χÞ2gðLÞ. Except for the regime Δb ≪ χ, gðLÞ
depends weakly on L.
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This is because the detuning permutation is equivalent to a
unitary transformation to the Lindblad master equation [see
Eq. (22)] and the Liouvillian spectrum is conserved.

APPENDIX C: ANALYTIC CALCULATION
FOR FOUR SPIN ENSEMBLES

In the main text, we discuss quantum sensing using four
spin ensembles with detunings δ1 ¼ ΔA=2, δ2 ¼ ΔB=2,
δ3 ¼ −ΔB=2, and δ4 ¼ −ΔA=2. Here, we analytically
calculate the QFI matrix in the large-Rabi-drive limit
(Ω → ∞). In this case, the steady-state solution becomes

jψ ð4Þ
ss i¼Û43Û23jj12¼0; j43¼0; jtot¼0; mtot¼0i; ðC1Þ

where jab means the combined angular momentum for
ensemble a and b, a; b∈ f1; 2; 3; 4g. The sequential order
of a and b matters because Clebsch-Gordan coeffi-
cients might change sign if swapping a and b. jtot and
mtot are the total angular momentum and magnetic num-
ber for the four ensembles. The unitary transformations
are given by Û23 ¼ expðiPjm θjjj; mihj; mj23Þ, Û43 ¼
expðiPjm θ̃jjj; mihj; mj43Þ, with

eiðθjþ1−θjÞ ¼ ðΔA þ ΔBÞ=2 − iχðjþ 1Þ
−ðΔA þ ΔBÞ=2 − iχðjþ 1Þ ;

eiðθ̃jþ1−θ̃jÞ ¼ ðΔA − ΔBÞ=2 − iχðjþ 1Þ
−ðΔA − ΔBÞ=2 − iχðjþ 1Þ : ðC2Þ

Using the Wigner 9-j symbol [87],

hj12; j43; jtot; mtotjj14; j23; jtot; mtoti
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2j12 þ 1Þð2j43 þ 1Þð2j14 þ 1Þð2j23 þ 1Þ

p

×

8<
:

j1 j2 j12
j4 j3 j43
j14 j23 jtot

9=
; ðC3Þ

one can switch between different angular-momentum bases
(jj12; j43; jtot; mtoti ↔ jj14; j23; jtot; mtoti) of the four
ensembles. Note that, since Û43 is diagonal in the first
basis and Û23 is diagonal in the second basis, we obtain

jψ ssi ¼
1

2Sþ 1

X2S
j0¼0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2j0 þ 1

p
gj0 ðΔA;ΔB; χÞ

×jj12 ¼ j0; j43 ¼ j0; jtot ¼ 0; mtot ¼ 0i; ðC4Þ

where

gj0 ðΔA;ΔB; χÞ

¼
X2S
j¼0

ð−1Þ2Sþjþj0eiθjeiθ̃j0 ð2jþ 1Þ
�
S S j0

S S j



ðC5Þ

Here, the curly bracket with six elements is the so-called
Wigner 6-j symbol.
We now calculate the QFI matrix for operators Ŝzl based

on Eq. (C4),

F kl ¼ 4covðŜzk; Ŝzl Þss: ðC6Þ

Notice that jψ ð4Þ
ss i is constructed by linear combination

of different jtot ¼ 0 states, i.e., jj12 ¼ j0; j43 ¼ j0;
jtot ¼ 0; mtot ¼ 0i. So we will still stay in jtot ¼ 0 subspace
if we apply the spin operators Ŝz1 þ Ŝz2 and Ŝz3 þ Ŝz4, while
we will move out of jtot ¼ 0 subspace if we apply the spin
operators Ŝz1 − Ŝz2 and Ŝz3 − Ŝz4. This allows us to simplify
the QFI matrix into a block-diagonal form. In the first block
with spin operators Ŝz1 þ Ŝz2 and Ŝz3 þ Ŝz4, based on the fact

that ðŜz1 þ Ŝz2 þ Ŝz3 þ Ŝz4Þjψ ð4Þ
ss i ¼ 0, one can show that

Ŝz1 þ Ŝz2 þ Ŝz3 þ Ŝz4 and Ŝ
z
1 þ Ŝz2 − Ŝz3 − Ŝz4 form an orthogo-

nal basis. In the second block with spin operators Ŝz1 − Ŝz2
and Ŝz3 − Ŝz4, based on the fact that BJ;m ¼ BJ;−m, one can
obtain varðŜz1 − Ŝz2Þss ¼ varðŜz3 − Ŝz4Þss, which means that
Ŝz1 − Ŝz2 þ Ŝz3 − Ŝz4 and Ŝ

z
1 − Ŝz2 − Ŝz3 þ Ŝz4 form an orthogo-

nal basis. Therefore, the diagonalization of the QFI matrix
in the large-Rabi-drive limit leads to

Fþþþþ ≡ 4 varðŜz1 þ Ŝz2 þ Ŝz3 þ Ŝz4Þss ¼ 0; ðC7Þ

Fþþ−− ≡ 4 varðŜz1 þ Ŝz2 − Ŝz3 − Ŝz4Þss

¼ 16

3ð2Sþ 1Þ2
X2S
j0¼0

j0ðj0 þ 1Þð2j0 þ 1Þjgj0 j2; ðC8Þ

Fþ−þ− ≡ 4 varðŜz1 − Ŝz2 þ Ŝz3 − Ŝz4Þss

¼ 8

3ð2Sþ 1Þ2
X2S
j0¼0

ð2S − j0Þð2Sþ j0 þ 2Þðj0 þ 1Þ

×
���gj0 þ gj0þ1

���2; ðC9Þ

Fþ−−þ ≡ 4 varðŜz1 − Ŝz2 − Ŝz3 þ Ŝz4Þss

¼ 8

3ð2Sþ 1Þ2
X2S
j0¼0

ð2S − j0Þð2Sþ j0 þ 2Þðj0 þ 1Þ

×
���gj0 − gj0þ1

���2: ðC10Þ

For the sake of brevity, we omitted the arguments of gj0
defined in Eq. (C5). One can also show that, in the large-
Rabi-drive limit,
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FþþþþþFþþ−−þFþ−þ−þFþ−−þ¼
64

3
SðSþ1Þ: ðC11Þ

This result is based on the orthogonality relation for the
Wigner 6-j symbol [87],

X
j3

ð2j3 þ 1Þ
�
j1 j2 j3
j4 j5 j6


�
j1 j2 j3
j4 j5 j06




¼ δj6j06
2j6 þ 1

fj1j5j6gfj4j2j6g; ðC12Þ

where fj1j5j6g is the triangular delta symbol, which is
equal to 1 when the triad ðj1; j5; j6Þ satisfies the triangle
conditions and is zero otherwise.

APPENDIX D: ANALYTIC CALCULATION
FOR 1D SPIN CHAIN

1. MPS representation of 1D chain

In the main text, we consider an even number L of spin-S
ensembles placed in a 1D chain with detuning pattern
δ1 ¼ Δe=2, δL ¼ −Δe=2 on the edges and δ2k ¼ Δb=2,
δ2kþ1 ¼ −Δb=2 in the bulk, with k ¼ 1; 2;…; L=2 − 1. In
this case, we can express the steady-state solution using a
MPS,

jψ ðLÞ
ss i ¼

X
m

ðvm1

leftÞT
� YL=2−1

k¼1

Am2km2kþ1

	
vmL
rightjmi: ðD1Þ

Here, jmi≡ ⊗L
j¼1 jS;mji,Am2km2kþ1 are the matrices for the

translationally invariant structure with bond dimension
2Sþ 1, which is a unit cell with two spin ensembles.
vm1

left and vmL
right are boundary vectors. In the following, we

calculate vm1

left, v
mL
right, and Am2km2kþ1 analytically in the large-

Rabi-drive limit (Ω → ∞).
In this case, we can simplify Eq. (26) into a sequential

quantum circuit,

jψ ðLÞ
ss i¼

YL=2−1
p¼1

Û2pþ1;2pþ2Û2p;2pþ1

�
⊗
L=2

k¼1
jψ ð2Þ

ss i2k−1;2k
�
; ðD2Þ

where, in the large-drive limit, the two-ensemble steady

state is given by jψ ð2Þ
ss i2k−1;2k ¼ jJ ¼ 0; m ¼ 0i2k−1;2k.

In Eq. (D2), we alternately apply the following two
quantum gates, Û2p;2pþ1¼expðiPjmθjjj;mihj;mj2p;2pþ1Þ,
Û2pþ1;2pþ2 ¼ expðiPjm θ̃jjj; mihj; mj2pþ1;2pþ2Þ, with

eiðθjþ1−θjÞ ¼ ðΔe þ ΔbÞ=2 − iχðjþ 1Þ
−ðΔe þ ΔbÞ=2 − iχðjþ 1Þ ;

eiðθ̃jþ1−θ̃jÞ ¼ ðΔe − ΔbÞ=2 − iχðjþ 1Þ
−ðΔe − ΔbÞ=2 − iχðjþ 1Þ : ðD3Þ

To derive the column vector vm1

left, we consider the
decomposition

jJ ¼ 0; m ¼ 0i12
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sþ 1
p

X
m1

ð−1ÞS−m1 jS;m1ijS;−m2i: ðD4Þ

Interpreting the first spin as physical dimension and the
second spin as bond dimension, we have

½vm1

left�α ¼
ð−1ÞS−m1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ 1

p δα;−m1
; ðD5Þ

where the subscripts α ¼ S; S − 1;…;−S are indices for
the bond dimension. Note that a boundary vector contains
only a single-spin ensemble, in contrast to the two-
ensemble unit cell in the bulk.
For the column vector vmL

right, we consider the row
dimension of the identity matrix as bond dimension and
the column dimension of the identity matrix as physical
dimension,

½vmL
right�α ¼ δα;mL

: ðD6Þ

For the matrix Am2km2kþ1 , we transform to the total-
angular-momentum basis first,

AJm ¼
X

m2km2kþ1

hS;m2k; S;m2kþ1jJ;miAm2km2kþ1 : ðD7Þ

Then, we perform analytical calculation for AJm. One can
either transform back to obtain an analytical expression for
Am2km2kþ1 or simply change Eq. (D1) to the jJ;mi basis for
each two-ensemble unit cell. The procedure for AJm

calculation is as follows:

½AJm�αβ ¼
�
hjab ¼ J;mab ¼ mjhS;mc ¼ βj

�
ÛbcÛab

×
�
jS;ma ¼ αijjbc ¼ 0; mbc ¼ 0i

�
; ðD8Þ

where we relabeled 2k → a, 2kþ 1 → b, 2kþ 2 → c.
Considering the definition of the Wigner 6-j symbol [87],

jjab;jc;jtot;mtoti¼
X
jbc

jja;jbc;jtot;mtoti
�
ja jb jab
jc jtot jbc




×ð−1Þjaþjbþjcþjtot
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð2jabþ1Þð2jbcþ1Þ

p
;

ðD9Þ

CHU, MAMAEV, KOPPENHÖFER, YUAN, and CLERK PHYS. REV. X 16, 021047 (2026)

021047-20



one can switch between different angular-momentum bases
(jjab; jc; jtot; mtoti ↔ jja; jbc; jtot; mtoti) of the three ensem-
bles. Note that Ûab is diagonal in the first basis, and Ûbc is
diagonal in the second basis. We thus obtain

½AJm�αβ ¼
ð−1ÞSþβffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ1

p hS;α;S;−βjJ;mifJðΔe;Δb;χÞ; ðD10Þ

where

fJðΔe;Δb; χÞ ¼
X2S
j¼0

X2S
j0¼0

ð−1Þj−Jeiθjeiθ̃j 0 ð2jþ 1Þð2j0 þ 1Þ

×

�
S S j

S S j0


�
S S J

S S j0



: ðD11Þ

The orthogonality relation for fJ is based on Eq. (C12), and
we have X

J

ð2J þ 1ÞjfJj2 ¼ ð2Sþ 1Þ2: ðD12Þ

One can also conclude that the matrix AJm is a spherical

tensor T̂ðkÞ
q with k ¼ J and q ¼ m based on the Wigner-

Eckart theorem, which is acting on the bond dimension
(spin-S particle), i.e.,

P
α;β½AJm�αβjS; αihS; βj. The same

structure is used in Ref. [72] to define the VBS state.

2. String order parameter

Similar to the calculation in Refs. [80,81], here we would
like to evaluate the string order parameter for Eq. (D10) in
an infinite 1D chain,

OðzÞ
stringðφÞ ¼ lim

jl−kj→∞

D
ðŜz2k þ Ŝz2kþ1Þeiφ

P
l−1
q¼k

ðŜz
2qþŜz

2qþ1
Þ

× ðŜz2l þ Ŝz2lþ1Þ
E
: ðD13Þ

The general procedure is to construct a transfer matrix
with operator Ô based on an infinite MPS [71],

T Ôð·Þ ¼
X
Jm

X
J0m0

hJ0; m0jÔjJ;miAJmð·ÞðAJmÞ†: ðD14Þ

Here, we focus on three types of transfer matrices:
(i) Ordinary transfer matrix T Î. For a properly normal-

ized MPS, the largest eigenvalue of T Î should be 1,
with corresponding left and right eigenvectors la-
beled by VÎ;L and VÎ;R. The left and right eigen-

vectors are normalized by trðV†
Î;L
VÎ;RÞ ¼ 1.

(ii) String transfer matrix T Ĝ, with Ĝ ¼
expðiφðŜza þ ŜzbÞÞ. We denote the largest eigenvalue
of T Ĝ as λĜ, with corresponding left and right
eigenvectors labeled by VĜ;L and VĜ;R. The left

and right eigenvectors are normalized by
trðV†

Ĝ;L
VĜ;RÞ ¼ 1.

(iii) End point transfer matrices T ĜL
and T ĜR

, with
ĜL ¼ ðŜza þ ŜzbÞ expðiφðŜza þ ŜzbÞÞ
and ĜR ¼ Ŝza þ Ŝzb.

Using these transfer matrices, the string order parameter
can be written as

OðzÞ
stringðφÞ ¼ lim

jl−kj→∞
tr
�
V†
Î;L
T ĜL

T jl−kj−1
Ĝ

T ĜR
VÎ;R

�
: ðD15Þ

As jl − kj → ∞, we need to focus only on the largest

eigenvalue of T Ĝ. If jλĜj < 1, we have OðzÞ
stringðφÞ ¼ 0. If

jλĜj ¼ 1, we have

OðzÞ
stringðφÞ ¼ tr

�
V†
Î;L
T ĜL

VĜ;R

�
tr
�
V†
Ĝ;L

T ĜR
VÎ;R

�
: ðD16Þ

We now estimate the left and right eigenvectors of these
transfer matrices based on the analytical form of ½AJm�αβ.
For T Î, one can prove that

½VÎ;L�αβ ¼ ½VÎ;R�αβ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2Sþ 1
p δα;β: ðD17Þ

For T Ĝ, one can prove that

½VĜ;L�αβ ¼ ½VĜ;R�αβ ¼
eiαφffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2Sþ 1

p δα;β: ðD18Þ

Using these results, we have

OðzÞ
stringðφÞ ¼

����X
Jmβα

meiαφ

ð2Sþ 1Þ2 jhS; α; S;−βjJ;mij2jfJj2
����2:
ðD19Þ

Notice that

X
mβ

mjhS; α; S;−βjJ;mij2 ¼ 2J þ 1

2Sþ 1
hS; αjĴzjS; αi: ðD20Þ

Following the same procedure as in Appendix A for a
spherical tensor with k ¼ 1 and q ¼ 0, we have

hS; αjĴzjS; αi ¼ α
JðJ þ 1Þ
2SðSþ 1Þ : ðD21Þ

So we can further simplify OðzÞ
stringðφÞ to

OðzÞ
stringðφÞ ¼

�X2S
J¼0

JðJ þ 1Þð2J þ 1Þ
2SðSþ 1Þð2Sþ 1Þ3 jfJj

2

	
2

½hðφÞ�2;

ðD22Þ

RECONFIGURABLE DISSIPATIVE ENTANGLEMENT BETWEEN … PHYS. REV. X 16, 021047 (2026)

021047-21



where

hðφÞ ¼
XS
α¼−S

α sinðαφÞ: ðD23Þ

One can also perform the summation in hðφÞ analytically,

hðφÞ ¼
ðSþ 1Þ sinðSφÞ − S sin

�
ðSþ 1Þφ

�
2sin2ðφ=2Þ : ðD24Þ

3. Correlation length

One can also evaluate the spin-spin correlation length
Lcorr [defined by Eq. (35)] using the ordinary transfer
matrix T Î. We sort the eigenvalues λj of T Î by their
absolute values, jλ0j > jλ1j ≥ jλ2j ≥ � � �, with j ¼ 0; 1;…;
ð2Sþ 1Þ2 − 1. A properly normalized MPS should have
λ0 ¼ 1. Since we are focusing on the connected part of
spin-spin correlations, hŜzkŜzl i − hŜzkihŜzl i, the contribution
of λ0 is canceled, and the spin-spin correlation length is
determined by the second largest eigenvalue λ1,

Lcorr ¼ −
2

ln jλ1j
; ðD25Þ

where the factor of 2 in Eq. (D25) is to take account of the
two-ensemble unit cell. In the case of S ¼ 1=2, one can
evaluate λ1 analytically,

λ1 ¼
jf0j2 − jf1j2

4
: ðD26Þ

In the left panel of Fig. 8(a), we calculate Lcorr based on the
procedure above.
As we mention in the main text, in the case of a finite

Rabi drive Ω, we break the symmetry required for the SPT
phase and the string order parameter vanishes in an infinite
chain. In this case, one can define the string order
correlation length Lstring as follows:D
ðŜz2k þ Ŝz2kþ1Þeiφ

P
l−1
q¼k

ðŜz
2qþŜz

2qþ1
ÞðŜz2l þ Ŝz2lþ1Þ

E
∼ e−2jl−kj=Lstring ; ðD27Þ

where the factor of 2 is to account for the two-ensemble
unit cell. Similarly, we evaluate Lstring using the string
transfer matrix T Ĝ. For finite Rabi drive Ω, the largest
eigenvalue λĜ has absolute value smaller than 1, so Lstring is
given by

Lstring ¼ −
2

ln jλĜj
: ðD28Þ

Here, we consider the case of S ¼ 1=2 and set φ ¼ π. We
also set Δe ¼ 0 and Δb ¼

ffiffiffi
2

p
χ (parameters for spin-1

AKLT state in the large-Rabi-drive limit). In Fig. 10(a), a

numerical calculation of Lstring shows that Lstring ∝ ðΩ=χÞ2.
When Lstring ≫ L, we effectively realize the SPT phase
since we cannot tell the difference in a finite-size system.
One can also interpret L=Lstring as a measure of the fidelity
to the spin-1 AKLT state, as shown in Fig. 10(b). As we
increase L, we find that L=Lstring and the fidelity collapse
into a single line. For example, 90% fidelity corresponds to
L=Lstring ≈ 0.2. Based on the discussions in the main text,
we have the relaxation timescale tss ∝ ðΩ=χÞ2gðLÞ, leading
to the AKLT relaxation timescale tAKLT ∝ LgðLÞ if fixing
the same fidelity to the spin-1 AKLT state.

APPENDIX E: SECOND-ORDER CUMULANT
EXPANSION FOR TWO SPIN ENSEMBLES

Here, we provide details of the second-order cumulant
expansion for the case of two spin ensembles. Note that this
approach can, in principle, be generalized to the case of
many spin ensembles. We consider the following Lindblad
master equation:

d
dt

ρ̂ ¼ −i½Ĥ; ρ̂� þ ΓD½Ŝ−1 þ Ŝ−2 �ρ̂

þ γ
X2S
l¼1

�
D½ŝ−1;l�ρ̂þD½ŝ−2;l�ρ̂

�
;

Ĥ ¼ ΩðŜx1 þ Ŝx2Þ þ
Δ
2
ðŜz1 − Ŝz2Þ; ðE1Þ

where ŝ−j;l are spin-1=2 operators. The collective spin
operators are constructed by the addition of 2S spin-1=2
operators in the same spin ensemble, for example,
Ŝ−j ¼P2S

l¼1 ŝ
−
j;l.

The general procedure of second-order cumulant expan-
sion is as follows: (i) Derive Heisenberg equations of
motion for spin operators and two-operator products of spin
operators. (ii) Take their expectation values and then split

FIG. 10. (a) String order correlation length Lstring as a function
of Ω=χ for the case of S ¼ 1=2. We set Δe ¼ 0 and Δb ¼

ffiffiffi
2

p
χ

(parameters for spin-1 AKLT state in the large-Rabi-drive limit)
for both (a) and (b). We also set the angle φ ¼ π in the string
order parameter. (b) String order correlation length Lstring as a
measure of the fidelity between the steady-state solution and the
spin-1 AKLT state.
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the expectation values for products of three or more
operators to obtain a closed set of equations of motion.
For example, expectation values for a three-operator
product can be split in the following way [88]:

hÂ B̂ Ĉi ≈ hÂ B̂ihĈi þ hÂ ĈihB̂i þ hB̂ ĈihÂi
− 2hÂihB̂ihĈi: ðE2Þ

In the procedure above, we need to specify a convention for
counting the number of operators in an operator product. To
avoid any ambiguity, we rewrite Eq. (E1) in terms of Pauli
matrices σ̂xj;l, σ̂

y
j;l, σ̂

z
j;l, with j ¼ 1, 2 and l ¼ 1;…; 2S. We

then derive Heisenberg equations of motion for these Pauli
matrices. Since all the spin-1=2 operators can be expressed
in the basis of Pauli matrices and identity, in this case, the
number of operators in an operator product can be naturally
defined as the number of spin-1=2 particles involved. We
also apply permutation invariance for each of the spin
ensembles to reduce the number of independent expect-
ation values, e.g., hσ̂αj;li ¼ hσ̂αj;1i for all l ¼ 1;…; 2S and
α∈ fx; y; zg. As a result, we find 27 independent expect-
ation values:

(i) One-body operators in ensemble 1,

hσ̂x1;1i; hσ̂y1;1i; hσ̂z1;1i;

(ii) one-body operators in ensemble 2,

hσ̂x2;1i; hσ̂y2;1i; hσ̂z2;1i;

(iii) two-body operators in ensemble 1,

hσ̂x1;1σ̂x1;2i; hσ̂y1;1σ̂y1;2i; hσ̂z1;1σ̂z1;2i;
hσ̂x1;1σ̂y1;2i; hσ̂x1;1σ̂z1;2i; hσ̂y1;1σ̂z1;2i;

(iv) two-body operators in ensemble 2,

hσ̂x2;1σ̂x2;2i; hσ̂y2;1σ̂y2;2i; hσ̂z2;1σ̂z2;2i;
hσ̂x2;1σ̂y2;2i; hσ̂x2;1σ̂z2;2i; hσ̂y2;1σ̂z2;2i;

(v) two-body operators between two ensembles,

hσ̂x1;1σ̂x2;1i; hσ̂x1;1σ̂y2;1i; hσ̂x1;1σ̂z2;1i;
hσ̂y1;1σ̂x2;1i; hσ̂y1;1σ̂y2;1i; hσ̂y1;1σ̂z2;1i;
hσ̂z1;1σ̂x2;1i; hσ̂z1;1σ̂y2;1i; hσ̂z1;1σ̂z2;1i:

After numerically solving the corresponding equations
of motion, we then use these expectation values of Pauli
matrices to calculate the expectation values of collective
spin operators. For example,

hŜx1 − Ŝx2i ¼ S
�
hσ̂x1;1i − hσ̂x2;1i

�
; ðE3Þ

hŜy1 þ Ŝy2i ¼ S
�
hσ̂y1;1i þ hσ̂y2;1i

�
; ðE4Þ

hðŜy1þ Ŝy2Þ2i

¼ SþS

�
S−

1

2

	�
hσ̂y1;1σ̂y1;2iþ hσ̂y2;1σ̂y2;2i

�
þ 2S2hσ̂y1;1σ̂y2;1i

≈SþS2
�
hσ̂y1;1σ̂y1;2iþ hσ̂y2;1σ̂y2;2iþ 2hσ̂y1;1σ̂y2;1i

�
: ðE5Þ

Based on these results, we can numerically calculate the
two-mode generalization of the Wineland spin-squeezing
parameter,

ξ2 ¼ 4SvarðŜy1 þ Ŝy2Þ
hŜx1 − Ŝx2i2

: ðE6Þ

We find numerically that the large-S approximation in
Eq. (E5) can lead to a better agreement of the steady-state
spin squeezing.
In Fig. 11(a), we first benchmark the second-order

cumulant expansion with exact calculation via the quan-
tum-jump method in the case without single-particle decay
(C ¼ Γ=γ → ∞). We conclude that the second-order cumu-
lant expansion correctly captures the steady-state spin
squeezing, while predicting a slower relaxation timescale.
In Fig. 11(b), we further demonstrate that the second-order
cumulant expansion captures the steady-state spin squeez-
ing up to Heisenberg scaling. These findings ensure the
reliability of second-order cumulant expansion in our case;
at least it is possible to provide a qualitative prediction in
the regime beyond the reach of exact numerical methods.
We then use second-order cumulant expansion to calculate
the case with finite C as shown in Fig. 11(a). In this case,

FIG. 11. (a) Evolution of the Wineland spin-squeezing param-
eter ξ2 in the case of S ¼ 30, SΔ=Ω ¼ 10, SΓ=Ω ¼ 10, with
initial state as all spins pointing down. We compare numerical
results based on the quantum-jump method (exact) and the
second-order cumulant expansion. We apply the cumulant ex-
pansion to include single-particle decay processes with rate
γ ¼ Γ=C, with C the single-atom cooperativity. (b) Wineland

spin-squeezing parameter for the steady state jψ ð2Þ
ss i of two spin

ensembles with S ¼ 1000 and γ ¼ 0. Second-order cumulant
expansion correctly captures the steady-state spin squeezing up to
Δ=Ω ∼ 1=S, which is the parameter regime for Heisenberg-
scaling quantum enhancement.
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the optimal squeezing is achieved at a finite time before the
relaxation timescale tss.

APPENDIX F: UNIQUENESS OF STEADY-STATE
SOLUTION

1. Two spin ensembles

Here, we discuss the uniqueness of the steady-state
solution for two spin ensembles [see Eq. (3)]. We can
show the uniqueness of the steady-state solution in the limit
Ω ≫ SΓ and Ω ≫ SΔ using perturbation theory in the
Liouvillian space.
First, we apply the rotation R̂ðθÞ ¼ e−iθðŜ

y
1
−Ŝy

2
Þ=2 with

θ ¼ arctanðΔ=ð2ΩÞÞ, such that the Hamiltonian becomes

ĤR ¼ R̂ðθÞĤR̂†ðθÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ω2 þ ðΔ=2Þ2

q
ðŜx1 þ Ŝx2Þ; ðF1Þ

and the jump operator becomes

Ŝ−R ¼ cos2
θ

2

�
Ŝ− − tan2

θ

2
Ŝþ − 2 tan

θ

2
ðŜz1 − Ŝz2Þ

�
; ðF2Þ

where Ŝ� ¼ Ŝ�1 þ Ŝ�2 . Based on the condition Ω ≫ SΔ,
one can separate the Lindbladian into zeroth-, first-, and
second-order terms. The zeroth-order Lindbladian is
given by

L0ρ̂ ¼ −i½ĤR; ρ̂� þ ΓRD½Ŝ−�ρ̂; ðF3Þ

where ΓR ¼ Γ cos4ðθ=2Þ. The first-order Lindbladian is
given by

L1ρ̂ ¼ −2 tan
�
θ

2

	
ΓR

�
Ŝ−ρ̂ðŜz1 − Ŝz2Þ þ ðŜz1 − Ŝz2Þρ̂Ŝþ

−
1

2
fŜþðŜz1 − Ŝz2Þ þ ðŜz1 − Ŝz2ÞŜ−; ρ̂g

	
; ðF4Þ

and the second-order Lindbladian is given by

L2ρ̂ ¼ 4 tan2
�
θ

2

	
ΓRD½Ŝz1 − Ŝz2�ρ̂: ðF5Þ

Here, we drop the Ŝþ term in Ŝ−R since this term does not
play a role in lifting the degeneracy of steady states of L0.
Second, we focus on the spectrum of L0. Note that both

ĤR and Ŝ
− do not couple different total-angular-momentum

J sectors, such that one can separate L0 into different
subspaces labeled by ðJ; J0Þ,

L0 ¼ ⨁
J;J0

LJ;J0
0 : ðF6Þ

In the limit Ω ≫ SΓ, L0 is dominated by the Hamiltonian
ĤR, so its eigenoperator to the leading order takes the

following form:

ÔJ;J0 ≈
X
m

cmjJ;mixhJ0; mþm0j; ðF7Þ

where jJ;mix ¼ e−iπðŜ
y
1
þŜy

2
Þ=2jJ;mi is the total-angular-

momentum state in the x basis. Note that, in this case,
the left and right eigenoperators are the same to leading
order. To reach the eigenvalue closest to 0 in each ðJ; J0Þ
subspace, we have m0 ¼ 0. The eigenvalues and coeffi-
cients cm can be determined by the dissipative part, and
here we simply list the results. For LJ;J

0 , we have a steady-
state solution with eigenvalue 0, and the corresponding
eigenoperator is given by

ÔJ;J ≈
XJ
m¼−J

jJ;mixhJ;mj: ðF8Þ

For LJ;Jþ1
0 , the eigenvalue closest to 0 is −Γ=2, and the

corresponding eigenoperator is given by

ÔJ;Jþ1 ≈
XJ
m¼−J

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðJ þ 1Þ2 −m2

p
J þ 1

jJ;mixhJ þ 1; mj: ðF9Þ

Similarly, for LJ;J−1
0 , we have ÔJ;J−1 ¼ ðÔJ−1;JÞ† with

eigenvalue −Γ=2.
We apply perturbation theory to lift the (2Sþ 1)-fold

degeneracy (ÔJ;J for each J) of the steady states of L0. We
define a projection superoperator P for all the ÔJ;J (ground
manifold), and a projection superoperator Q for all the
ÔJ;J�1 (excited manifold). Notice that L1 couples only
between the ground and excited manifold, while L2 can
couple within the ground manifold. So the effective
Lindbladian in the ground manifold is given by

Leff ¼
PL1QL1P

Γ=2
þ PL2P: ðF10Þ

Analytical calculation shows that Leff is a tridiagonal
matrix with dimension (2Sþ 1),

Leff ¼ Γ sin2ðθÞ

0
BBBBBBBB@

a0 c0
b1 a1 c1

b2
. .
. . .

.

. .
. . .

.
c2S−1

b2S a2S

1
CCCCCCCCA
: ðF11Þ

The matrix elements are given by
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aJ ¼ −
1

3
JðJ þ 1Þ

�
ð2Sþ 1Þ2 − JðJ þ 1Þ

�
;

bJ ¼
1

3ð2J þ 1Þ ðJ − 1Þ2J
�
ð2Sþ 1Þ2 − J2

�
;

cJ ¼
1

3ð2J þ 1Þ ðJ þ 2Þ2ðJ þ 1Þ
�
ð2Sþ 1Þ2 − ðJ þ 1Þ2

�
;

ðF12Þ

where J ¼ 0;…; 2S. Since aJ¼0 ¼ bJ¼1 ¼ 0, one can show
that ÔJ¼0;J¼0 is still a steady-state solution.
To show the uniqueness of the steady-state solution, we

numerically diagonalize the matrix in Eq. (F11) to obtain
the dissipative gap Egap. In Fig. 12(a), we compare the
perturbative calculation with exact diagonalization for Egap

at S ¼ 5, which shows that the perturbative calculation can
capture the exact result up to SΔ=Ω ∼ 3. In Fig. 12(b), we
perform the perturbative calculation for Egap to confirm the
uniqueness of the steady state up to S ¼ 104. In the
perturbative regime, one can obtain Egap ∝ ΓðSΔ=ΩÞ2.
Assuming the Lindbladian is diagonalizable, we can

extend the uniqueness of the steady-state solution by
increasing Δ beyond the perturbative regime. We also
numerically confirm the uniqueness of the steady state
beyond the perturbative regime up to S ¼ 30, as shown in
Fig. 3(b). In this regime, we have Egap ∝ ΓðSΔ=ΩÞ. The
uniqueness of the steady-state solution in the case of χ ≠ 0
can be discussed in a similar way.

2. Many spin ensembles

In the case of many spin ensembles, due to the existence
of the unitary transformation [see Eq. (22)] to swap
detunings, we need only to discuss the uniqueness of the
steady-state solution for a specific detuning pattern,
δ2k−1 ¼ Δk=2, δ2k ¼ −Δk=2 with k ¼ 1; 2;…; L=2. With
this detuning pattern, the steady state is simply a tensor

product of ensemble pairs, jψ ðLÞ
ss i ¼ ⊗k jψ ð2Þ

ss i2k−1;2k.
It is possible to show the uniqueness of the steady-state

solution in the case of χ ¼ Γ, where the Lindblad master

equation becomes a cascaded master equation. Similar to
Refs. [21,74], the procedure is based on induction: (i) Show
the unique steady state for the case of two spin ensembles.
(ii) Suppose the steady state is unique for L spin ensembles
(L is an even number), and prove that the steady state is
unique for Lþ 2 spin ensembles. The first step is discussed
in the previous subsection, here we discuss the second step.
We use subsystem A to label the first L ensembles and

subsystem B to label the last two ensembles. When χ ¼ Γ,
the Lindbladian of the system [see Eq. (2)] can be written as

Lρ̂ ¼ LAρ̂þ LBρ̂ − Γ
�
½ŜþB ; Ŝ−Aρ̂� þ ½ρ̂ŜþA ; Ŝ−B�

�
; ðF13Þ

where Ŝ�A ¼PL
k¼1 Ŝ

�
k and Ŝ�B ¼ Ŝ�Lþ1 þ Ŝ�Lþ2. Based on

Eq. (F13), one can show that

trBðLρ̂Þ ¼ LAtrBðρ̂Þ: ðF14Þ

Apply Eq. (F14) to the steady-state solution, and, assuming

that we have a unique pure steady state ρ̂A;ss ¼ jψ ðLÞ
ss iAhψ ðLÞ

ss j
for subsystem A, the steady-state solution for the whole
system should take the following form: ρ̂ss ¼ ρ̂A;ss ⊗ ρ̂0.
Based on Eq. (F13), we haveLρ̂ss ¼ LBρ̂

0 ¼ 0, reducing the
problem to the case of two spin ensembles discussed in the
previous subsection. This result indicates the unique steady-
state solution in the case of χ ¼ Γ.
Assuming the Lindbladian is diagonalizable, we can

extend the uniqueness of the steady-state solution to the
case of χ ≠ Γ if the permutation symmetry between
ensembles is completely broken. We also numerically
confirm the uniqueness for the case of χ ≠ Γ for small
system sizes (up to L ¼ 10 for S ¼ 1=2).

APPENDIX G: EXPERIMENTAL
IMPLEMENTATION OF CHIRAL
SPIN-EXCHANGE COUPLINGS

1. Raman-coupled spin-exchange interactions

One way to implement the chiral spin-exchange cou-
plings is to engineer Raman-coupled spin-exchange inter-
actions similar to the setup in Ref. [24]. As shown in
Fig. 13(a), we define j↑i and j↓i states in the ground
manifold with transition frequency ω0 (generated by either
hyperfine shift or Zeeman shift from a uniform magnetic
field depending on specific platforms) and excited state jei
with transition frequency ωe with respect to the j↑i state.
We then apply a magnetic-field gradient along the cavity
such that the transition frequency between j↑i and j↓i
states becomes ω0;l ¼ ω0 þ ðl − 1ÞðΔω0Þ. To engineer
chiral spin-exchange couplings between nearest-neighbor
ensembles (purple arrows), we apply a two-tone drive to
transition from j↑i to jei off resonantly (solid and dashed
arrows). The two tones have Rabi frequencyΩ0 and iΩ0 and
drive frequencyωd andωd − Δω0, respectively. We still use

FIG. 12. (a) Comparison of dissipative gap Egap between exact
diagonalization and perturbative calculation in the case of two
spin ensembles with S ¼ 5. The perturbative calculation can
capture the exact result up to SΔ=Ω ∼ 3. (b) Perturbative calcu-
lation of the dissipative gap Egap up to S ¼ 104. In the
perturbative regime, we have Egap ∝ S2 for S ≫ 1.
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the same detuning δe ¼ ωd − ωe to the excited state jei
assuming δe much larger than Zeeman shifts. The cavity
mode couples the transition from j↓i to jei with cavity
resonant frequency ωc. After adiabatic elimination of the
excited states (δe ≫ Ω0), the Hamiltonian is given by

Ĥ ¼ ωcâ†âþ
X
l

ω0;lŜ
z
l þ

X
l

�
Ω0G
δe

âŜþl e
−iωdt þ H:c:

	

þ
X
l

�
iΩ0G
δe

âŜþl e
−iðωd−Δω0Þt þ H:c:

	
; ðG1Þ

where 2G is the single-atom vacuum Rabi splitting of the
cavity. Using the following unitary transformation to the

rotating frame, Û ¼ e−iðωdþω0Þâ†ât−i
P

l
ω0;lŜ

z
l t, we have

Ĥ0 ¼ −δcâ†âþ
X
l

�
Ω0G
δe

âŜþl e
−iðl−1ÞðΔω0Þt þ H:c:

	

þ
X
l

�
iΩ0G
δe

âŜþl e
−ilðΔω0Þt þ H:c:

	
; ðG2Þ

where δc ¼ ωd þ ω0 − ωc. Assuming δc ≫ Ω0G
ffiffiffi
S

p
=δe, we

can further adiabatically eliminate the cavity mode. If we
also apply the rotating wave approximation and keep only
the time-independent terms, the effective Hamiltonian
becomes

Ĥeff ¼
1

δc

�
Ω0G
δe

	
2
�X

l

Ŝþl Ŝ
−
l þ

X
l

iðŜþl Ŝ−lþ1 − Ŝ−l Ŝ
þ
lþ1Þ
	
:

ðG3Þ

The second term in Eq. (G3) is the chiral spin-exchange
coupling between nearest-neighbor ensembles, which is
due to frequency selection via the two-tone frequency
difference Δω0. Other chiral spin-exchange coupling terms
can be engineered by two-tone frequency differences
2Δω0; 3Δω0;…. One can also cancel the first term in
Eq. (G3) using a single-tone drive that generates

P
l Ŝ

þ
l Ŝ

−
l

with opposite δc.

2. Chiral quantum networks

Another way to implement the chiral spin-exchange
couplings is to couple each spin ensemble with an optical
cavity and then connect all these cavities by a unidirectional
waveguide as shown in Fig. 13(b). Based on Refs. [21,23],
the Lindblad master equation of this system can be
written as

d
dt

ρ̂ ¼ −i½Ĥ; ρ̂� þ κD
�X

l

e−iϕl âl

�
ρ̂;

Ĥ ¼
X
l

Ĥl þ i
κ

2

X
l>k

�
eiðϕk−ϕlÞâ†kâl − e−iðϕk−ϕlÞâkâ

†
l

�
;

ðG4Þ
where κ is the linewidth of the optical cavity, âl is the
bosonic annihilation operator of the lth cavity, ϕl is
the phase due to the running-wave mode of the unidirec-
tional waveguide. The Hamiltonian within the lth cavity is
based on the Tavis-Cummings model, and the frequency of
the drive is resonant with the cavity mode,

Ĥl ¼
Ω
2

�
eiϕ

0
l Ŝþl þ e−iϕ

0
l Ŝ−l
�
þ δlŜ

z
l þ G

�
â†l Ŝ

−
l þ Ŝþl âl

�
;

ðG5Þ
where 2G is the single-atom vacuum Rabi splitting of the
cavity, δl are the drive detunings to the optical transition of
the lth subensemble, and ϕ0

l are the phases of Rabi drives
for each subensemble. We perform the following gauge
transformation, Ŝþl → Ŝþl e

−iϕ0
l , Ŝ−l → Ŝ−l e

iϕ0
l , âl → âle

iϕ0
l ,

â†l → â†l e
−iϕ0

l , and Eqs. (G4) and (G5) become

d
dt

ρ̂ ¼ −i½Ĥ0; ρ̂� þ κD
�X

l

e−iϕ̃l âl

�
ρ̂;

Ĥ0 ¼
X
l

Ĥ0
l þ i

κ

2

X
l>k

�
eiðϕ̃k−ϕ̃lÞâ†kâl − e−iðϕ̃k−ϕ̃lÞâkâ

†
l

�
;

Ĥ0
l ¼ ΩŜxl þ δlŜ

z
l þ Gðâ†l Ŝ−l þ Ŝþl âlÞ; ðG6Þ

where ϕ̃l ¼ ϕl − ϕ0
l. When κ ≫ G

ffiffiffi
S

p
, it is possible to

adiabatically eliminate all these cavity modes and obtain
an effective spin-only Lindblad master equation. When
ϕ̃lþ1 − ϕ̃l ¼ π, one can obtain Eq. (2) with χ ¼ Γ ¼ 4G2=κ.
This phase requirement can be satisfied by controlling

FIG. 13. (a) Schematic of engineering chiral spin-exchange
couplings via Raman transitions. We place all the spin ensembles
in a single optical cavity and apply a magnetic-field gradient
along the cavity axis. Spin-exchange couplings between ensem-
bles separated by different distances can be independently tuned
via frequency selection. (b) Schematic of engineering chiral spin-
exchange couplings via chiral quantum networks. We couple
each spin ensemble with an optical cavity and then connect all
these cavities by a unidirectional waveguide.
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either the separation distance between cavities holding the
subensembles or the phases of the Rabi drives.

APPENDIX H: DISCUSSIONS OF
EXPERIMENTAL IMPERFECTIONS

1. Population imbalance between spin ensembles

In the main text, we assume each spin ensemble has the
same number of atoms. Here, we analyze the effects on the
steady-state spin squeezing generated by atom-number
imbalance between two spin ensembles, as shown in
Fig. 14. We define the atom number in the first ensemble
and the second ensemble as N1 and N2, respectively, and
define the averaged atom number N ¼ ðN1 þ N2Þ=2 and
averaged spin value as S ¼ N=2. In the presence of atom-
number imbalance, the lowest total angular momentum is
Jmin ¼ jN1 − N2j=2 > 0. As shown in Fig. 2(c), the dis-
tribution of the wave function across the different total-
angular-momentum sectors depends on the ratio Δ=Ω. This
effect determines the behavior of the steady-state spin-
squeezing parameter ξ2ss [defined in Eq. (12)]:

(i) In the regime SΔ=Ω ≫ Jmin, the steady state is close
to a pure state since the relevant angular-momentum
structure is very similar to balanced case N1 ¼ N2:
The state populates subspaces of large total angular
momentum and is not sensitive to the fact that the
lowest total-angular-momentum sector has been
moved from Jmin ¼ 0 to Jmin ¼ jN1 − N2j=2. In
this regime, spin squeezing enhances as we decrease
the ratio Δ=Ω, similar to Fig. 2(d).

(ii) In the regime SΔ=Ω ≪ Jmin, the steady state mainly
occupies low total-angular-momentum subspaces
and becomes sensitive to the effect of population
imbalance. Now, the steady state becomes a highly
mixed state limited by the population imbalance,
since we cannot find angular momentum smaller
than Jmin. This causes the squeezing to degrade.

The optimal spin squeezing is typically achieved when
SΔ=Ω ∼ Jmin, where the steady state is roughly a pure state
centered near total angular momentum Jmin. The qualitative
understanding above agrees with our numerical findings in
Fig. 14(a), in which the steady-state spin squeezing ξ2ss
reaches an optimal value at nonzero Δ=Ω ratio when
N1 ≠ N2. In Fig. 14(b), we show that the steady-state spin
squeezing is mainly set by Jmin, i.e., ξ2opt ∼ Jmin=N. When

Jmin ∼
ffiffiffiffi
N

p
, we have ξ2opt ∝ 1=

ffiffiffiffi
N

p
; when Jmin is a constant

value, we have ξ2opt ∝ 1=N.

2. Measurement noise

Here, we examine the effects of measurement noise in
the case of ellipse fitting for differential phase ϕ. The
measurement noise turns the projective measurement of
each spin ensemble in the basis jS;m1i ⊗ jS;m2i into the
following positive operator-valued measure- (POVM) type

measurements,

Êp̃1p̃2
¼ ⨂

j¼1;2

�X
mj

jS;mjihS;mjj
e−ðp̃j−pjÞ2=ð2σ2mÞffiffiffiffiffiffiffiffiffiffiffi

2πσ2m
p �

; ðH1Þ

with
R
dp̃1dp̃2Êp̃1p̃2

¼ 1. Here, pj ¼ mj=ð2SÞ þ 1=2 are
the excitation fractions without measurement noise, p̃j are
the excitation fractions in the presence of measurement
noise, and σm controls the level of measurement noise.
Without measurement noise (σm → 0), we use the condi-
tional probability Pðp1; p2jϕÞ defined in Eq. (18) to
estimate the CFI Fϕ for the differential phase ϕ [see
Eq. (19)]. In the presence of measurement noise, we
calculate the conditional probability using the above
POVM and find

Pðp̃1; p̃2jϕÞ ¼
X
p1;p2

Pðp1; p2jϕÞ
1

2πσ2m
e−
P

j
ðp̃j−pjÞ2=ð2σ2mÞ:

ðH2Þ

Using Pðp̃1; p̃2jϕÞ, one can now estimate the CFI F̃ϕ

including measurement noise. In Fig. 15, we show F̃ϕ as
a function of themeasurement noise σm. The full power of the
quantum enhancement can be obtained only in the regime
σm ≪ σQPN, i.e., if the level of measurement noise is well
below the quantumprojection noise (QPN).Here, theQPN is

given by σQPN ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
varðŜy1 þ Ŝy2Þss

q
=ð4SÞ, which can be

interpreted as the half-thickness of the ellipse.
Note that this result is expected for all spin-squeezing

protocols that do not use signal amplification before read-
out. If the measurement noise in an experiment is larger
than the QPN, the signal-to-noise ratio is dominated by the
ratio between signal and measurement noise. In this case,
amplification can be used to increase the signal and
the QPN until measurement noise and QPN become

FIG. 14. (a) Steady-state spin squeezing ξ2ss considering atom
number imbalance between two spin ensembles. We fix the atom
number in the first ensemble N1 ¼ 40 and vary the atom number
in the second ensemble N2. When N1 ≠ N2, ξ2ss reaches a optimal
value at nonzero Δ=Ω ratio. ξ2ss degrades as we increases the atom
number imbalance. (b) Scaling of optimal steady-state spin
squeezing ξ2opt (optimized over Δ=Ω). We compare the cases
with atom number imbalance scales as a constant value and those
with imbalance scales like

ffiffiffiffi
N

p
.
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comparable, which improves the overall signal-to-noise
ratio. For unitary one-axis twisting and dissipative single-
mode spin-squeezing protocols, simple signal amplification
protocols have been proposed to mitigate measurement
noise [89,90]. It is an interesting topic to study how these
concepts can be generalized to multimode spin squeezing
and ellipse-fitting measurements.
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